A framework for the control of nonholonomic mobile manipulators by FRUCHARD, Matthieu et al.
HAL Id: inria-00070450
https://hal.inria.fr/inria-00070450
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
A framework for the control of nonholonomic mobile
manipulators
Matthieu Fruchard, Pascal Morin, Claude Samson
To cite this version:
Matthieu Fruchard, Pascal Morin, Claude Samson. A framework for the control of nonholonomic
mobile manipulators. [Research Report] RR-5556, INRIA. 2005, pp.52. ￿inria-00070450￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
55
56
--
F
R
+
E
N
G
ap por t  
de  r ech er ch e 
Thème NUM
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
A framework for the control of nonholonomic
mobile manipulators
Matthieu Fruchard — Pascal Morin — Claude Samson
N° 5556
April 2005
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)
Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65
  	
 "!#
"$!% &"!#'( )*,+
-/.10%032547698;:=<>85?2=.1<>@BA,CD.FE%?G.FHI-;JF<>47KAMLNHO.F85@56QP.1RE%JSK
TVUXW3Y[Z\]N^`_ba1cSdfe W3Y[Zd)g1hiY[j3kflnmohXZd
pqk r9sfZ3e dtvuxw9k Z
yw9ziz5rGkfe{iZ|k Zu UXZ3k u#UXZ&g}~~~_zikfl~_~zw9Zd
Qxi ZQzik rGz5rd ZwZ3gXZ3k#w9Vk#w9Y[Z3DrGkfrGkefUXZQZZ{SwGu urGgoefk rGr9gXrGgiUXrGnr9 
gXrGYlnu¡Y[rGilnZ[Y¡w9gilzihi7w9e rGk dx¢TVUXZ¡urGgoefk rGD7wd{iZ3kfl£Z{¤)lefUefUilndw9zizik rwGu U¥w9nrxe r
d lYhie#w9gXZrGhXdfc¦Z>§SZu3hie Z|w¨Y¡w9gilzihi7w9eflnrGge#wGdf¡w9gX{QY[rGgile rGkVefUXZd lefhw9eflnrGgª©z5rdfleflnrGgw9gX{
rGkflnZ3g1e#w9eflnrGg«r9NefUXZgXrGgiUXrGnrGgXrGYlnu¬zi7w9e­rGkfY®rGg¥)Uilnu U¯efUXZ¬Y¡w9gilzihi7w9e rGk[lndY[rGhigoe Z{=¢
TVUXZ°wGu3efl£Z|Y[rGgile rGkflgi¦r9efUXZ|zi7w9e­rGkfY¬±²ddflefhw9eflnrGgd lgil´³uxw9goefc¬w9hiY[Z3goe defUXZ|Y¡w9gilzS 
hi7w9eflnrGg;uxw9zw9illeflnZdr9VefUXZdfcSdfe Z3Y¬¢µXrGk°lgXdfe#w9gXuZ¶efUXZ·Y¡w9gilzihi7w9eflnrGgrGSs­Zu3efl£Zlnddfefl
wGu#UilnZ3£Gw9inZ)UXZ3g¬leurGYz5Z3ndefUXZ¨zi7w9e­rGkfY¸e r[Y[rx£Z¨wGu#1Vw9k {¹rGkz5Z3k­rGkfYºY¡w9gX»|hi£1k Zd¼¢
TVUilnd¡Y[rGgile rGkflgilnd¦w9nd rªlgXdfefkfhiY[Z3goe#w9rGk[efUXZw£rGln{Xw9gXuZr9|efUXZ¬Y¡w9gilzihi7w9e rGkx±²ds­rGlg1e
lYle d¼¢
½¬¾¿5À ÁÂ Ã Y[rGilnZ°Y¡w9gilzihi7w9e rGkx¶gXrGgiUXrGnrGgXrGYlnudfcSdfe Z3Y¬¶ie#wGd o ÄhigXu3eflnrGg,¶Xefk#w9gXdf£Z3k d#Z
ÄhigXu3eflnrGg,¢
ÅÆ5Ç9ÈÊÉ=Ë5Ì#ÍÏÎÇ9Ð%É,ÑÒ­Ò­ÓÉÔ9Õ9ÕÌ#ÍÖÏÒf×ÑØÖÏÇ9ÒÚÙÍÏÒ­ÓGÛÏÇNÕ¼ÍÏÌ>Ü#ÍÝÐ%Þ¥ßMàÚá5âãIä
    !  '¡(  `"	 q* 	!#'( V(*
	$·!# q* 
	1 "q*
    \NrGhXd zik rGz5rd rGgXdDhigXZNY[j3efUXr1{irGnrGlnZ|{iZ|dfcFgoefUXWd ZN{iZk Z3e rGhik d){=±²j3e#w9eDz5rGhikDnZd
Y¡w9gilzihi7w9e Z3hik d°Y[rGilnZd¨gXrGgS ÏUXrGnrGgXrGY[Zdx¢MZd|nrGlnd¨{iZurGYY¡w9gX{iZrGie Z3g1hXZdQzw9kfeflk¨{iZ
uZ3efe Z[w9zizik rFu UXZ[zZ3kfY[Z3efe Z3g1e{=±²Z>§Sju3hie Z3khigXZ·eGu UXZ{iZ·Y¡w9gilzihi7w9eflnrGg;Z3ex¶M{Xw9gXd|nZ·Y3Y[Z
e Z3YzXd¼¶1{iZNurGgoefkGnZ3k)7wdflefhw9eflnrGg ©lÏ¢²Z¢ÚzrdfleflnrGg Z3eVrGkflnZ3goe#w9eflnrGg«D{iZ7w°zi7w9e Z>rGkfY[ZNY[rGilnZ
m1hil)d Z3kfe{iZdfhiziz5rGkfew9h¥ik#wGd·Y¡w9gilzihi7w9e Z3hikx¢MZurGgoefkGnZwGu3efl´¨{iZ¦7wªdflefhw9eflnrGg¯{iZ 7w
zi7w9e Z>rGkfY[Zw9hiY[Z3g1e Z°nZduxw9zwGu3le jd{ShdfcSdfe W3Y[Z¨{iZNwrGg¬d lgil´³uxw9efl£Z¢! qg¬zw9kfeflnu3hilnZ3kx¶
lDz5Z3kfY[Z3e·{=±ÊwGd#dfhik Z3k7wk jxw9lnd#w9eflnrGg¯{iZQ7w¬eGu#UXZ {iZQY¡w9gilzihi7w9eflnrGg¥Y3Y[Z¦nrGk d m1hXZ¦uZ3nZ> 
u3lIgXjuZd dfle Z¶Ú{iZ[7w zw9kfe{iZ[7w¬zi7w9e­ÄrGkfY[Z¡Y[rGilnZ¶{iZdY[rGhi£Z3Y[Z3goe d·Z3g;Y¡w9k u UXZ w9kfkflnW3k Z
rGh/{iZd°Y¡w9gX»|hi£Fk Zdx¢#"N±²Zdfej3ow9nZ3Y[Z3goehig;j3nj3Y[Z3g1e·Zd#d Z3goeflnZ3 zrGhikefk#w9le Z3knZ[zik rGinW3Y[Z
{=±²j3£Fle Z3Y[Z3goeN{iZd)ihie jZdw9kfeflnu3hi7w9lk ZdN{Shik#wGd)Y¡w9gilzihi7w9e Z3hikx¢
$ Â x À &%  ¦ Y¡w9gilzihi7w9e Z3hik)Y[rGilnZ¶idfcSdfe W3Y[ZgXrGgS ÏUXrGnrGgXrGY[Z¶SÄrGgXu3eflnrGg{iZeGu UXZ¶1rGgXu> 
eflnrGgefk#w9gXdf£Z3k d Z¢
')( ÒÚÖÍÝÐ+*>Ð#È-,1Ð/.vÖ0.qÉÌ%ÔÖÏÒ­ÓxÔÕGÐ#Í1,ÊÒqÕ¼ÍÏÌ>Ü%ÍÝÐ#Þ)Þ)ÒÚÓGÐ ÖÏÈÊÌ>ÓGÐ,FßMàÚá5âãIä
 	
	

 !#"$%
 &')( *
+ *
, -/. x Â Ã 10 Â . 2
3 4 Â xS10 Â .  . Ã65 ¾ %0 70 . i ¿  ¾  % % 8
S¢9 :Nk rGhizrGz5Z3k#w9eflnrGg¬lg
SE ; 2 < ¢°¢¨¢°¢¨¢°¢¨¢¢°¢¨¢°¢¨¢°¢°¢¨¢¢¨¢°¢¨¢°¢°¢¨¢°¢¨¢ =S¢Ê >|lgXZ3Y¡w9eflnu°k Z37w9eflnrGgXdQ¢¨¢°¢¨¢°¢°¢¨¢¢¨¢°¢¨¢°¢°¢¨¢°¢¨¢¢°¢¨¢°¢¨¢°¢¨¢°¢¢¨¢°¢¨¢ ?
S¢ * T,k#w9gXd £Z3k d Z¨ÄhigXu3eflnrGgXdw9gX{¬rGYgiln{Slk Zu3eflnrGgw9ÚurGYzw9gilnrGg¬Äk#w9Y[Z ¢¢¨¢°¢¨¢ 9x
@ A Â . x Â %I5B5 Â iDC ,,
* ¢9 "DrGgoefk rGzik rGinZ3Y dfe#w9e Z3Y[Z3g1e ¢¨¢¢¨¢°¢¨¢°¢°¢¨¢°¢¨¢¢°¢¨¢°¢¨¢°¢¨¢°¢¢¨¢°¢¨¢ 9x
* ¢Ê :Nhiln{iZ3lgXZdÄrGk)efUXZ°u#UXrGlnuZr9ÚefUXZ¨zikflY¡w9kfc e#wGdf1 higXu3eflnrGg¢¨¢°¢¨¢°¢¢¨¢°¢¨¢ 9x~
* ¢ * :Nhiln{iZ3lgXZdMÄrGk=efUXZIu UXrGlnuZIr9iefUXZd#ZurGgX{Xw9kfc|urd e­ higXu3eflnrGg·w9gX{¨efUXZurGgoefk rG
r9ÚefUXZ¨Y[rGilnZ¨zi7w9e­rGkfY ¢¨¢°¢°¢¨¢¢¨¢°¢¨¢°¢°¢¨¢°¢¨¢¢°¢¨¢°¢¨¢°¢¨¢°¢¢¨¢°¢¨¢ 91=
* ¢ * ¢9 aFZurGgX{Xw9kfcurdfe­ ÄhigXu3eflnrGg ¢¨¢°¢¨¢°¢°¢¨¢°¢¨¢¢°¢¨¢°¢¨¢°¢¨¢°¢¢¨¢°¢¨¢ 91=
* ¢ * ¢Ê "DrGgoefk rGr9efUXZ¨Y[rGilnZ°zi7w9e­ÄrGkfY ¢°¢¨¢°¢¨¢¢°¢¨¢°¢¨¢°¢¨¢°¢¢¨¢°¢¨¢ 9E?
2 F5B5 %0S10 Â . ¾&G  H5 % ¾  33
IX¢9 Tw9kfZ3eefk#wGu Flgi¡lg¹a  ©«¢°¢°¢¨¢¢¨¢°¢¨¢°¢°¢¨¢°¢¨¢¢°¢¨¢°¢¨¢°¢¨¢°¢¢¨¢°¢¨¢ 
IX¢9¢9 TVUXZ|Y¡w9gilzihi7w9eflnrGge#wGdf w9gX{¬wGd#d r1u3l7w9e Z{urGgoefk rG¬¢¨¢°¢¨¢°¢¢¨¢°¢¨¢  *
IX¢9¢Ê aFZurGgX{Xw9kfcurdfe­ ÄhigXu3eflnrGg¹w9gX{¬urGgoefk rGr9efUXZ°Y[rGilnZ¨zi7w9e­ÄrGkfY ¢ DI
IX¢9¢ * a1lYhi7w9eflnrGg¹k Zdfhie d ¢°¢¨¢¢¨¢°¢¨¢°¢°¢¨¢°¢¨¢¢°¢¨¢°¢¨¢°¢¨¢°¢¢¨¢°¢¨¢ &=
IX¢Ê  efk#wGu Flgi¦w9zizilnuxw9eflnrGglg
R
2
¢¨¢¢¨¢°¢¨¢°¢°¢¨¢°¢¨¢¢°¢¨¢°¢¨¢°¢¨¢°¢¢¨¢°¢¨¢ *J
IX¢ÊS¢9 ^ªw9gilzihi7w9eflnrGg¬e#wGdfw9gX{wGd d rFu3l7w9e Z{¬urGgoefk rG ¢¨¢°¢¨¢°¢¨¢°¢¢¨¢°¢¨¢ *J
IX¢ÊS¢Ê aFZurGgX{Xw9kfcurdfeVÄhigXu3eflnrGg¹w9gX{¬urGgoefk rGr9efUXZ°zi7w9e­ÄrGkfY ¢¢¨¢°¢¨¢ Io
IX¢ÊS¢ * a1lYhi7w9eflnrGg¹k Zdfhie d ¢°¢¨¢¢¨¢°¢¨¢°¢°¢¨¢°¢¨¢¢°¢¨¢°¢¨¢°¢¨¢°¢¢¨¢°¢¨¢ I!9
K L G  ¾ . 10 Â .  Â  Â  ¾NM¾ . ¾  %  Â O0 % ¾  . 05 %S Â  2 8
ßß¸ÓP!QQRQRS
I   $  	
   (/
  ·(M! 
 
   ! " $ 
 ' ¶=urGYzrd#Z{ r9Vw¦Y¡w9gilzihi7w9e rGkw9kfY	Y[rGhig1e Z{¤rGg¤w¦Y[rGilnZ·zi7w9e­ 
rGkfY¬¶5lndNÏw9kNY[rGk Z·£Z3k d%w9eflnZ·efUw9gwQurGg1£Z3goeflnrGgw9 Y¡w9gilzihi7w9e rGk°)UXrd Z·wGd ZlndN³i§iZ{=¶,wGd
w¡urGgXd Zm1hXZ3gXuZr9le d|Z3gi7w9kfZ{ªrGz5Z3k#w9eflnrGgw9Úd zwGuZ¢TVUXZ{Sl£Z3k dfleÝcr9k rGrGeflnu{iZ3£1lnuZd|r9
efUilndNFlgX{;©Äd ZZZ¢ X¢ * rGkNwQdfhikf£Z3cX«)k ZZu3e dNUXr¼ efUilndN7w9efe Z3kNZxw9efhik Zuxw9gZZ>§SzinrGle Z{
lg£w9kflnrGhXdVwcSdx¢
TVUXZVzik Zd Z3goezw9z5Z3kqlndq{iZ3£rGe Z{e r|efUXZDZZ{SwGu urGgoefk rGr9Y[rGilnZ)Y¡w9gilzihi7w9e rGk dDw9gX{=¶
Y[rGk Z¨d zZu3l´³uxw9c¶ie refUXZ¨urGg1efk rGr9Y[rGilnZ|Y¡w9gilzihi7w9e rGk d)UXrd Z|zi7w9e­rGkfY lnd)dfhiSsfZu3e Z{
e rNgXrGgiUXrGnrGgXrGYlnu1lgXZ3Y¡w9eflnu)urGgXdfefk#w9lg1e dx¶oZ¢ X¢higilnu3cSu3nZ> ÏlZrGkquxw9k­ ÏlZ)zi7w9e­ÄrGkfY[d¼¢µXk rGY
gXr¼ rGg,¶=dfhXu U {iZ3£FlnuZd)lÏ¶rGk|dfUXrGkfex¶5Zk Z>Z3kfk Z{¹e rwGd !%
 
   "
$%
 'R( ¢  UilnZefUXZzi7w9e­rGkfY¬±²d|Y[rGeflnrGgw9gX{efUXZY¡w9gilzihi7w9eflnrGg e#wGdf¹uxw9g d rGY[Z3eflY[Zd|5Z
z5Z3k­rGkfY[Z{d#Z3zw9k#w9e Z3c¶5lÏ¢²Z¢¨rGgXZwÄe Z3k|efUXZrGefUXZ3kx¶efUXZ3k Zw9k Zw9nd r w9zizilnuxw9eflnrGgXd|ÄrGkN)Uilnu U
 N E   Z3e  ZZ3g¦efUXZe  rdfhiXdfcSdfe Z3Y[dqlnd gXZuZd d#w9kfc¢ÚTVUXZY¡w9lg¦{Sl¡u3hieÝc¡r9
urGg1efk rGlgi[w¨gXrGgiUXrGnrGgXrGYlnuNY[rGilnZY¡w9gilzihi7w9e rGkx¶S1c[urGYzw9kflnd rGg¦e refUXZuxwGd Zr9wu37wGd­ 
d lnuxw9qY¡w9gilzihi7w9e rGk·w9kfY¬¶rGkw¦Y¡w9gilzihi7w9e rGkY[rGhig1e Z{;rGgw9grGYgiln{Slk Zu3eflnrGgw9Dzi7w9e­rGkfY¬¶
urGY[ZdIÄk rGY efUXZFlgXZ3Y¡w9eflnuurGgXd efk#w9lgoe dD)Uilnu UQlYle efUXZzi7w9e­ÄrGkfY¬±²d Y[rGeflnrGgQuxw9zw9illeflnZdx¢
t g/Z3gXZ3k#w9Ï¶qefUXZd Z¦urGgXdfefk#w9lgoe d[{ir¹gXrGe·zik Z3£Z3goeefUXZQzi7w9e­ÄrGkfYÄk rGY Z3lgiªurGgoefk rG7w9inZ¶
w9gX{ w9g¡lYz5rGkfe#w9goeVle Z3k#w9efhik ZNUwGd ZZ3g¦{iZ3£rGe Z{Qe refUXZ{iZd lg¦r9MrGz5Z3gS Ïnr1rGz¦urGgoefk rGndDrGk
efk#wsfZu3e rGkfc[zi7w9gigilgi·zihikfz5rd ZdN©Äd#ZZZ¢ X¢Ê~S¶=F¶9 * ¶ * «>¢r¼ Z3£Z3kx¶Dk rFu Z3efex±²dVefUXZrGk Z3Y I 
lYzilnZdNefUw9eNefUXZwGd c1Yzie rGeflnu·dfe#w9ill¼w9eflnrGg r9 w¡gXrGgiUXrGnrGgXrGYlnuzi7w9e­rGkfY"w9e|w¡dfz5Zu3l´³Z{
³i§iZ{urGgS³Xhik#w9eflnrGg¤uxw9gigXrGeN5ZrGie#w9lgXZ{¹oc¬hXd lgi¦dfY[rFrGefU/©ÄrGk|Z3£Z3gªurGgoeflgohXrGhXd>«zihik Z> 
d e#w9e ZZZ{SwGu 5¢TVUilnd¨k Zdfhie|UwGd¨lYz5rGkfe#w9goe¨lYzilnuxw9eflnrGgXdx¢·µXrGk¨lgXdfe#w9gXuZ¶,le¨zrGlg1e d¨rGhie
efUXZ¡lYzrd#dflilleÝc¶)lefU;u37wGd#dflnuxw9ZZ{SwGu Sdx¶e rurGg1efk rG efUXZ¡zrdfleflnrGg   efUXZ¡rGkflnZ3goe#w 
eflnrGgªr9Dw¡gXrGgiUXrGnrGgXrGYlnu·£Z3Uilnu3nZdflYhie#w9gXZrGhXd c¢  UilnZ·d Z3£Z3k#w9e Zu Uigilnm1hXZd|Uw£Z·5ZZ3g
{iZ3£Z3nrGz5Z{ lg efUXZN7wGdfeD³ie ZZ3gcZxw9k dDrGkVefUXZNd e#w9ill¼w9eflnrGg¬r9gXrGgiUXrGnrGgXrGYlnu°dfcSdfe Z3Y[dx¶F£Fl7w
Y[rGk ZZ3gXZ3k#w9ÚeÝcFz5ZdNr9qZZ{SwGu Sd[©Äd ZZZ¢ X¢99  rGkNw¦dfhikf£Z3cX«>¶efUXZhiefll¼w9eflnrGg¤r9efUXZd#Z
e Zu#UigilnmohXZdÄrGkY[rGilnZ Y¡w9gilzihi7w9e rGk dUwGdd Z3n{irGY 5ZZ3gZ>§SzinrGk Z{=¢¤TVUXZ¦Y[Z3efUXrF{id·zik r9 
z5rd Z{ d r¦Ïw9k°lg efUXZle Z3k#w9efhik Z¡eÝcFzilnuxw9cªk Z3cªrGg efUXZ "   
 urGg1efk rG r9VefUXZzi7w9e­ÄrGkfY¬±²d
d lefhw9eflnrGg,¢µXrGklgXdfe#w9gXuZ¶lg9E?  ¶efUXZ[higilnu3cFu3nZ> ÏlZ¦zi7w9e­rGkfY lndurGg1efk rGnZ{/lg¤zrd leflnrGg
£Fl7wlgizihie­ ÝrGhiefzihieIlgXZxw9kfl¼w9eflnrGgQe Zu Uigilnm1hXZdx¶lg 9x~i¶  d rGY[Z°©e  rw9eY[rd e%«ÚurGYilgw9eflnrGgXd
r9 zrdfleflnrGg w9gX{ªrGkflnZ3goe#w9eflnrGg £w9kfl7w9inZd°w9k ZurGg1efk rGnZ{ e r w¡{iZdflk Z{£w9hXZ£1l7w¡efUXZd#Z3nZu> 
eflnrGgQr9,wGd#d r1u3l7w9e Z{¡lgX{iZ3zZ3gX{iZ3g1e"!Ýe#wGd Fd# ¶lg$91=  efUXZurGgoefk rGnZ3kDlndIrGie#w9lgXZ{[£Fl7wMw9k#w9giZ
gXZuZd#d#w9kfcurGgX{SleflnrGgXdrGkwurGgXdfefk#w9lgXZ{rGzieflYl¼w9eflnrGgzik rGinZ3Y¬¢DTVUXZd#Z°e Zu Uigilnm1hXZd³XgX{
efUXZ3lkIsvhXd efl´³uxw9eflnrGg¹lgefUXZ¨ÏwGu3eefUw9ex¶ÄrGkNd rGY[Zw9zizilnuxw9eflnrGgXd¼¶lelndgXrGegXZuZd d#w9kfce rQurGgS 
efk rG rGefUefUXZ[z5rdfleflnrGg/w9gX{¤rGkflnZ3g1e#w9eflnrGg¥r9VefUXZ¡zi7w9e­ÄrGkfY¬¢¬a1hXu#U;lndefUXZ¡uxwGd Z)UXZ3g,¶rGk
Z>§Xw9YzinZ¶efUXZDY¡w9gilzihi7w9eflnrGg[e#wGdf{ir1ZdgXrGeÚk Zm1hilk ZVefUXZ zi7w9e­rGkfY e rNzZ3k­rGkfY Y¡w9gX»|hi£1k Zd
©lÏ¢²Z¢rGkfDw9k {&%wGu#1Vw9k {¬efk#w9gXdfleflnrGgXd>«>¶Sw9gX{&%9rGkV)UXZ3g gXrs­rGlg1e lYle)d Z3£Z3k Z3cQk Z{ShXuZdDefUXZ
')( ß ' ã
 	
	

 !#"$%
 &')( ~
Y¡w9gilzihi7w9e rGkx±²d rGzZ3k#w9eflnrGgw9dfzwGuZ¢ r¼ Z3£Z3kx¶rGkrGefUXZ3kIw9zizilnuxw9eflnrGgXdx¶1efUXZd ZDY[Z3efUXr1{id)l
Ïw9l5Zuxw9hXd ZefUXZ3c uxw9gigXrGezik Z3£Z3g1eefUXZ[rFuu3hikfk Z3gXuZ¡r9)efUXZ[d#r9 Ýuxw9nZ{ !ÝFgil´ÄZ> ÝZ{SZ#[Z  Zu3e
©OrGk·uxw9k­ ÏlZ¡zi7w9e­rGkfY[dÄrGkZ>§iw9YzinZ¼«>¶IrGkefUXZ¦urGlndflnrGg/)lefU¹sfrGlgoelYle dx¢ "DrGgoefk rGlgi
efUXZ|zi7w9e­rGkfY¸lg5rGefU¬z5rdfleflnrGgw9gX{¬rGkflnZ3g1e#w9eflnrGglnd)gXZuZd d%w9kfc¦e r[wx£rGln{¬efUXZd Z|zik rGinZ3Y[d¼¢
TVUXZzik Zd#Z3goe)zw9z5Z3k)w9lY[dw9eVzik Zd Z3g1eflgi¡wurGgoefk rG,{iZdflg Äk#w9Y[Z3 rGkfQlg¦£FlnZ3r9Z>§iZ> 
u3hieflgiw·Y¡w9gilzihi7w9eflnrGgªe#wGdfw9gX{=¶    (     ¶d e#w9illlgi %9urGgoefk rGlgiefUXZd lefhw 
eflnrGgr9qefUXZdfhiziz5rGkfeflgi¡gXrGgiUXrGnrGgXrGYlnuzi7w9e­rGkfY¬¢)TVUXZk Zxw9l¼w9eflnrGgªr9qefUXZY¡w9gilzihi7w9eflnrGg
e#wGd ¦lndNd Z3e|wGdefUXZzikflY[ZrGSsfZu3efl£Z¢Ndd hXu U,¶lehXdfhw9c¬k Zm1hilk Zd|wzik Zu3lnd Zzrd leflnrGgilgi
r9qefUXZY¡w9gilzihi7w9e rGkx±²dNZ3gX{F ÝZ  Zu3e rGkx¢DcurGgoefk#wGdfex¶dfhXu Uªw·zik Zu3lndflnrGglndd Z3n{irGY gXZuZd d#w9kfc
©ÄrGk¨Z3£Z3g {iZdflk#w9inZ¼«rGk|efUXZz5rdfleflnrGgilgi¬r9IefUXZ·zi7w9e­rGkfY¬¶55Zuxw9hXd Z·dfY¡w9qZ3kfk rGk dw9e|efUilnd
nZ3£Z3 uxw9g¤ZurGYz5Z3gXd#w9e Z{ocªhXdflgi¬efUXZY¡w9gilzihi7w9e rGkx±²d{iZ3k ZZdr9DÄk ZZ{irGY¬¢¡µXrGkefUilnd
k ZxwGd#rGg,¶iefUXZ°urGgoefk rGrGSs­Zu3efl£Z¨ÄrGk)efUXZ¨zi7w9e­rGkfYºlndUXZ3k Z°Z>§Fzik Zd#d Z{ lg¬efUXZ|rGkfYºr9qw[d Zu> 
rGgX{Xw9kfc urdfe¨)UXrd#Z[Z>§iwGu3eYlgilYl¼w9eflnrGg;lnd¨gXrGew dfefkflnu3e°k Zm1hilk Z3Y[Z3goex¢¦&gXrGYlgw9 k rGnZ
{iZ3£rGe Z{e r[efUilndNd ZurGgX{Xw9kfcYlgilYl¼w9eflnrGglnde rikflgi¦efUXZ°zi7w9e­rGkfY¸e r¦w{irGY¡w9lg)UXZ3k Z
efUXZY¡w9gilzihi7w9eflnrGge#wGdf[uxw9g 5ZdfhXuuZd dfhic[uxw9kfkflnZ{ rGhiex¢qTVUXZNzik rGzrd#Z{¦w9zizik rwGu#U¦k Z3lnZd
rGgªwzik Z3£FlnrGhXdDrGkfoce  r¦r9ÚefUXZ·w9hiefUXrGk dNrGgefUXZd e#w9ill¼w9eflnrGgr9gXrGgiUXrGnrGgXrGYlnu·dfcSd­ 
e Z3Y[d¼¶Mw9gX{ªY[rGk Zdfz5Zu3l´³uxw9crGgªefUXZ   ()(E R$%/  ©ex¢ f¢ «w9zizik rwGu#U  J ¶9x  ¢TVUXZ
Z3c¬Z3nZ3Y[Z3g1e|lndefUXZzrd#dflilleÝc¬e rQurGgXuZ3ziefhw9cwGd d#r1u3l7w9e Z·w9grGYgiln{Slk Zu3eflnrGgw9 ) "  
  Äk#w9Y[Z¨)lefUªwk#w9Y[Zu Uw9k#wGu3e Z3kfllgi¦efUXZdflefhw9eflnrGgr9Iw·gXrGgiUXrGnrGgXrGYlnu£Z3Uilnu3nZ¢DTVUXZ
zik rGz5Z3kfeÝcQurGgo£Z3cZ{¦oc[efUXZefk#w9gXdf£Z3k d ZÄhigXu3eflnrGgQhXd Z{¡e r{iZ>³XgXZefUilndDurGYzw9gilnrGgQÄk#w9Y[Zlnd
efUw9eqefUXZV£Z3Uilnu3nZ±²dqk#w9Y[ZVlndÚ5rGhigX{·e r|dfe#wc·u3nrd ZVe rNle dqurGYzw9gilnrGg,¶o)Uw9e Z3£Z3kIefUXZVY[rGeflnrGg
r9)efUXZQ7w9efe Z3kÄk#w9Y[Z¢^rGk Zrx£Z3kx¶qefUXZQ{Slndfe#w9gXuZ¡5Z3eÝDZZ3g;efUXZQeÝDr¬Äk#w9Y[Zduxw9g;5ZY[rF{Sl´ 
³Z{ªw9e)lÏ¶=w9gX{¹k Z3gX{iZ3k Z{ w9kfilefk#w9kflcdfY¡w9£1l7w[efUXZu#UXrGlnuZr9efUXZefk#w9gXdf£Z3k d ZÄhigXu3eflnrGg
zw9k#w9Y[Z3e Z3k d¼¢¦t grGk {iZ3ke r¬urGgoefk rGDefUXZ£Z3Uilnu3nZ¶le°efUXZ3g;d h ¡uZd°e r¬urGg1efk rG efUXZQrGYgiln{Sl´ 
k Zu3eflnrGgw9DurGYzw9gilnrGg¤Äk#w9Y[Z¶w YhXu U/ZxwGdflnZ3k°e#wGdf5¢[TVUilndw9zizik rwGu#U;Z>§SzinrGle d°efUXZ[d efk rGgi
urGg1efk rG7w9illeÝc¹zik rGzZ3kfeflnZdr9ÚgXrGgiUXrGnrGgXrGYlnudfcSdfe Z3Y[dx¶w9gX{ZdfzZu3l7w9c efUXZ°wGu3eefUw9eNw9goc
©gXrGe·gXZuZd d%w9kflc/wG{SYlnd dflinZ¼«d Y[r1rGefUefk#wsfZu3e rGkfc;r9Nd lefhw9eflnrGgXduxw9g/5Zw9zizik r§SlY¡w9e Z3c
rGnrxDZ{=¶q)lefU¥w9kfilefk#w9kflcrFr1{zik Zu3lndflnrGg,¶qoc/w¬gXrGgiUXrGnrGgXrGYlnu ©ÄurGgoefk rG7w9inZ¼«·Y[rGilnZ
k rG5rGe ÊS¶ 9x  ¢  UilnZ¦d efhX{SlnZd·lg/efUilnd{Slk Zu3eflnrGg¥Uwx£Z¬w9k ZxwG{Sc;5ZZ3g¥urGgX{ShXu3e Z{lgefUXZ
urGg1e Z>§Fe|r9Iefk#wsfZu3e rGkfc¬zi7w9gigilgiX¶ Z·w9k ZgXrGe¨wVw9k Z·r9 dflYl7w9k¨w9efe Z3Yzie dlgefUXZurGgoe Z>§Se
r9ÚgXrGgiUXrGnrGgXrGYlnu°Y[rGilnZY¡w9gilzihi7w9e rGk dw9gX{©k ZxwGu3efl£Z¼«VÄZZ{SwGu#urGgoefk rGÏ¢
TVUXZzw9z5Z3kVlnd)rGkfow9gilxZ{¬wGd ÄrGnr¼dx¢  ZNk Zuxw95lg¬aFZu3eflnrGgd rGY[Z|u37wGd d lnuxw9k Z37w9eflnrGgXd
urGgXuZ3kfgilgi¹efUXZFlgXZ3Y¡w9eflnu[Y[rF{iZ3lgi¹r9VY[rGilnZ[Y¡w9gilzihi7w9e rGk dx¶qw9gX{w¦Z3 k Zdfhie durGgS 
uZ3kfgilgiefUXZefk#w9gXdf£Z3k d#ZqÄhigXu3eflnrGg·w9zizik rwGu#U,¢TVUXZIZ3gXZ3k#w91urGg1efk rG1Äk#w9Y[Z3 rGkf¨lndMzik Zd Z3goe Z{
lg;aFZu3eflnrGg * ¢zizilnuxw9eflnrGgZ>§Xw9YzinZdw9k Zl£Z3g lgaFZu3eflnrGg IX¶Mw9gX{ªlhXdfefk#w9e Z{efUik rGhiU
d lYhi7w9eflnrGg¯k Zdfhie d¼¢;Tr dflYzil´c;efUXZZ>§Fz5rdfleflnrGg,¶IefUXZ zik Zd Z3goe#w9eflnrGg r9efUXZ¦Äk#w9Y[Z3 rGkf
lg¯aFZu3eflnrGgXd[S¶ * ¶w9gX{ IX¶Úlnd·{irGgXZQÄrGkefUXZ dfhiS Ýu37wGd d·r9zi7w9gw9k·Y¡w9gilzihi7w9e rGk dY[rGhigoe Z{
ßß¸ÓP!QQRQRS
   $  	
   (/
rGg higilnu3cSu3nZ> ÏlZ[zi7w9e­rGkfY[dx¢ NrxDZ3£Z3kx¶MefUXZurGg1efk rGDw9zizik rwGu U/Z>§Fe Z3gX{id  $'  (  $'  
 ( )UXZ3gefUXZZ3gX{F ÝZ  Zu3e rGk|r9efUXZY¡w9gilzihi7w9eflnrGgw9kfY Z3£rG£ZdNlgefUXZ°efUik ZZ> Ý{SlY[Z3gXdflnrGgw9
uxw9kfe Zd l7w9gdfzwGuZ¢ NhXZ|e refUXZ|Z3gXZ3k#w9le c¬r9efUXZ|ex¢ f¢Iw9zizik rwGu U,¶efUXZ¨zik Zd Z3g1eY[Z3efUXr1{¹w9nd r
w9zizilnZdDe rY¡w9goc¡rGefUXZ3kDgXrGgiUXrGnrGgXrGYlnu|zi7w9e­ÄrGkfY[d¼¶o)lefU¦£Z3kfc[YlgXrGkDY[r1{Sl´³uxw9eflnrGgXdx¢ITVUilnd
z5rGlgoelnd{Slnd u3hXd#d Z{¬lg¹Y[rGk Z{iZ3e#w9lndlgªaFZu3eflnrGg~S¶w9gX{¬lhXdfefk#w9e Z{¹efUik rGhiUefUXZZ>§Xw9YzinZ
r9w·uxw9k­ ÏlZ°zi7w9e­rGkfY¬¢
  )V!# ®'%!#"!% q# *
MZ3eNhXdN³Xk d eNlg1efk r1{ShXuZd#rGY[ZgXrGe#w9eflnrGg,¢
In
lndNefUXZln{iZ3goefleÝcªY¡w9efkfl´§ wGd d rFu3l7w9e Z{¹)lefU
R
n ¢
R ; θ < ¶ S ¶Xw9gX{ R̄ ; θ < ¶w9k Z|efUXZ¨k rGe#w9eflnrGg¬Y¡w9efkflnuZdN{iZ>³XgXZ{1c
R ; θ <	 
 cos θ  sin θ
sin θ cos θ  , S  R ; π  2 < 
 0  11 0  , R̄ ; θ < 
 R ; θ < 00 1 
TVUXZ¦rGnrx)lgi;gXrGe#w9eflnrGg¯lndhXd Z{e r {iZd#u3kflZ efUXZ¬urGgS³Xhik#w9eflnrGg r9efUXZzi7w9gw9k¡Y[rGilnZ
Y¡w9gilzihi7w9e rGkN{iZ3zilnu3e Z{rGg¬µlX¢ 9¢ q lndefUXZ|£Zu3e rGkr9ÚZ3lefUXZ3kzikflndfY¡w9eflnu°rGkk Z3£rGhie ZVsfrGlgoeur1rGk {Slgw9e Zdr9efUXZ|Y¡w9gilzihS 7w9e rGkw9kfY¬¢t e d{SlY[Z3gXdflnrGg¬lnd
nq
¢
F0  O, ı0 , 0  lndw³i§iZ{¦Äk#w9Y[Z¨lgefUXZ¨zi7w9gXZ¢
Fb  B,  ıb , b  lndDwk#w9Y[Zw9efe#wGu UXZ{Qe r¨efUXZ)Y[rGilnZ)zi7w9e­rGkfY&lg[efUXZzi7w9gXZ¢qtÏefUXZY[rGilnZ[zi7w9e­rGkfY lnd°r9)efUXZhigilnu3cSu3nZe c1z5Z©w9gX{¤efU1hXd°gXrGgiUXrGnrGgXrGYlnu¼«>¶ÚDZ[lYz5rd Z
efUw9e°efUXZ[lgXd e#w9goe#w9gXZrGhXd£Z3nr1u3le cªr9)efUXZz5rGlgoe
B
°¢ kx¢ ex¢©)lefUk Zdfz5Zu3e°e ro«
F0
lnd
w9nrGgi[efUXZ¨higile£Zu3e rGk ıb ¢
Fe  E,  ıe , e  lndwÄk#w9Y[Z°w9efe#wGu UXZ{¬e r[efUXZ¨Y¡w9gilzihi7w9e rGkx±²dZ3gX{F ÝZ  Zu3e rGkx¢ :Nl£Z3geÝ r w9kfilefk#w9kfcÄk#w9Y[Zd
Fa  A, ıa , a  w9gX{ Fb  B,  ıb , b  ¶efUXZ ! d lefhw eflnrGg #·r9
Fb
°¢ kx¢ ex¢
Fa
lnd°{iZ>³XgXZ{wGd|efUXZZ3nZ3Y[Z3g1e
rab  SE ; 2 < R2  S1 ©)lefU
S1  R  2πZ « l£Z3g¬1c
rab  
 pabθab 
)lefU
pab  ; xab, yab < T efUXZurGYz5rGgXZ3goe dr9 AB lg efUXZwGdflnd¨r9 Fa ¶Mw9gX{ θab efUXZrGkflnZ3goe Z{ w9ginZ5Z3eÝ ZZ3g ıa w9gX{  ıb ¢  UXZ3g Fa lnd[efUXZ ³i§SZ{¥k#w9Y[Z F0 {iZ>³XgXZ{
')( ß ' ã
 	
	

 !#"$%
 &')( =
w9r¼£Z¶
rab  r0b lnd dflYzicuxw9nZ{efUXZ ! dflefhw9eflnrGg #ªr9 Fb ¶w9gX{ efUXZ¹lgX{iZ>§ 0 lndrGYlefe Z{=¶XlÏ¢²Z¢
r0b  rb  
 pbθb 
0
−→ıe
E
−→e
q1
qnq
−→ı0
−→0
B
θb
−→ıb
−→b
µlhik Z9 qpq7w9gw9kY[rGilnZ¨Y¡w9gilzihi7w9e rGk
 
		

	
SE  2 
TVUXZ¡dfzwGuZ[r9Dk#w9Y[Zd¨lgefUXZzi7w9gXZlnd¨lnd rGY[rGkfziUilnu¡e refUXZ=lnZ[k rGhiz
SE ; 2 < ¢  lefU efUXZw95rx£Z gXrGe#w9eflnrGg,¶)w¹z5rd dflinZ lnd rGY[rGkfziUilndfY 5Z3eÝDZZ3g¯efUXZd Z e  r¤dfzwGuZd[lnd·l£Z3g¥oc/efUXZ
Y¡w9zizilgi
Fb   rb ¢µihikfefUXZ3kfY[rGk Z¶lelndw9nd r·DZ3,FgXrx)gefUw9e)efUXZ°Y¡w9zizilgi

p
θ    
 R ; θ < p0 1 
)lefU
R ; θ < efUXZ 2  2 k rGe#w9eflnrGg¯Y¡w9efkfl´§¯r9¨w9ginZ θ lg¯efUXZ zi7w9gXZ¶V{iZ>³XgXZd¦w =lnZk rGhizlnd#rGY[rGkfziUilndfY 5Z3eÝDZZ3g
SE ; 2 < w9gX{efUXZIY¡w9efkfl´§=lnZIk rGhizr9 3  3 UXrGY[rGZ3gXZrGhXdÚY¡w9efkflnuZdx¢ gefUilnd7w9efe Z3kk rGhiz,¶iefUXZ¨k rGhizzik r1{ShXu3elndqsvhXdfe)l£Z3goc¦efUXZ¨Y¡w9efkfl´§zik r1{ShXu3ex¶ilÏ¢²Z¢

R ; θ1 < p1
0 1  
 R ; θ2 < p20 1   
 R ; θ1 ! θ2 < p1 ! R ; θ1 < p20 1 
ßß¸ÓP!QQRQRS
?   $  	
   (/
w9gX{=¶wGuurGk {Slgic¶XefUXZ¨k rGhizrGz5Z3k#w9eflnrGgrGg
SE ; 2 < lnd{iZ>³XgXZ{1c

p1
θ1  
 p2θ2   
 p1 ! R ; θ1 < p2θ1 ! θ2  ©	9¼«
TVUXZln{iZ3goefle cZ3nZ3Y[Z3goe
e
rGg
SE ; 2 < ¶Nw9gX{¯efUXZlgo£Z3k d Z r   1 r9 r  ; p, θ < T ©ÄdfhXu UefUw9e
rr   1  r   1r  e «)w9k Z|efUXZ3k Z>ÄrGk Z°l£Z3g¬oc
e  
 0
0  w9gX{ r   1  
  R ;  θ < p θ   R̄ ;  θ < r
a1lgXuZ·efUXZ[k rGhiz¤rGzZ3k#w9eflnrGg¤zi7wxcFd°efUXZd#w9Y[Z·k rGnZ¡wGd|efUXZ[wG{i{SleflnrGglg efUXZuxwGd#Zr9
R
n ¶Mw
! {Sl  Z3k Z3gXuZ#VZ3e  ZZ3g[e  r°Z3nZ3Y[Z3g1e dIr9
SE ; 2 < lndÚl£Z3gocefUXZVzik r1{ShXu3er9=rGgXZVZ3nZ3Y[Z3goe1cefUXZlgo£Z3k d#Zr9IefUXZrGefUXZ3k|rGgXZ¦©w9gX{efUohXdNgXrGeNoc¹w¡urGYzrGgXZ3g1e­ Ïe r9 ÝurGYzrGgXZ3g1edfhiXd efk#wGu> 
eflnrGg«>¢DµXrGklgXdfe#w9gXuZ¶w{Sl  Z3k Z3gXuZZ3e  ZZ3g
re
w9gX{
rp
lnd
rpe  ; rp <  1re  rp0r0e  nZ3ehXdk Zuxw9efUw9e
rpe
lndNefUXZdflefhw9eflnrGgªr9efUXZk#w9Y[Z
Fe
°¢ kx¢ ex¢efUXZÄk#w9Y[Z
Fp
¢N\rGe ZefUw9ex¶5{ShXZ
e r¬efUXZ[gXrGgS ÝurGYYhie#w9efl£FleÝcr9)efUXZ[k rGhiz/rGzZ3k#w9eflnrGg,¶ÚefUXZzik rF{ShXu3e·rGk {iZ3klnd°lYz5rGkfe#w9goex¶
w9gX{QrGgXZuxw9g¡ÄrGkfY d Z3£Z3k#w9 ! {Sl  Z3k Z3gXuZd#Z3e  ZZ3g eÝDrZ3nZ3Y[Z3g1e d)r9
SE ; 2 < ¢µXrGkVZ>§iw9YzinZ¶
rep  ; re <   1rp  re0r0p  ; rpe <   1 u#Uw9k#wGu3e Z3kflxZd¨efUXZd lefhw9eflnrGgr9efUXZk#w9Y[Z Fp °¢ kx¢ ex¢
Fe
¢q z5rd dflinZ¨{Slnd e#w9gXuZ¨Z3e  ZZ3g¹eÝ r[k#w9Y[Zd
Fa
w9gX{
Fb
lnd)l£Z3goc
d ; Fa,Fb < :  { γ ; ra, rb < :    pa  pb  2 ! 2γ ; 1  cos ; θa  θb < <   pab  2 ! 2γ ; 1  cos θab < ©«
)lefU
γ  0 ¶Vw9gX{

.
 efUXZ¬Z3hXu3ln{iZxw9g gXrGkfY©ÄrGg
R
2
lg¯efUXZzik Zd Z3goe¦uxwGd Z¼«>¢ \rGe Z¬efUw9e
efUXZ[7wGdfeZm1hw9leÝc lg©«¨lgX{Slnuxw9e ZdefUw9e{
γ
lndwnZ>e­ Ïlg1£Gw9kfl7w9g1e{Slndfe#w9gXuZ¦rGg
SE ; 2 < ¶lÏ¢²Z¢{
γ ; ra, rb < { γ ; e, rab < ¢
     
	 
 
	
TVUXZNFlgXZ3Y¡w9eflnu|Y[r1{iZ3,r9efUXZNY¡w9gilzihi7w9e rGkw9kfY lnd)dflYzic¡l£Z3g1c
q  uq ¢ ,Z3e)hXdVgXr¼urGgXd ln{iZ3kefUXZ°Y[rGilnZzi7w9e­ÄrGkfY¬¢)TVUXZurGYzrGgXZ3g1e d|r9efUXZ¨£Z3nr1u3le cr9qefUXZ°z5rGlgoe
B
°¢ kx¢ ex¢
F0
¶iZ>§Szik Zd d Z{ lg
Fb
¶w9k Z¨{iZ3gXrGe Z{¹wGd
vb,1
w9gX{
vb,2
¶SlÏ¢²Z¢
d  OB
dt
 vb,1  ıb ! vb,2 b
TVUXZw9gihi7w9k£Z3nr1u3le cr9efUXZ|Äk#w9Y[Z
Fb
°¢ kx¢ ex¢
F0
lnd{iZ3gXrGe Z{wGd
ωb
¶SlÏ¢²Z¢
dθb
dt
 ωb
')( ß ' ã
 	
	

 !#"$%
 &')( J
Dc d Z3efeflgi
ub :  ; vb,1, vb,2, ωb < ¶rGgXZ¨ZxwGdflcQ£Z3kfl´³ZdefUw9e

rb  R̄ ; θb < ub © * « 1£1lnrGhXd c¶w dflYl7w9k¡k Z37w9eflnrGg UXrGn{id[gXrGe¦rGgic/ÄrGk
Fb
ihie¦w9nd rªrGkQw9g1c¯rGefUXZ3k[Äk#w9Y[Z¢
µrGnrx)lgi$9x  ¶
ub
lnduxw9nZ{efUXZ !ÝrF{Sc¡£Z3nrFu3leÝcr9ÚefUXZ|k#w9Y[Z
Fb
# ¢
,Z3e
rc
w9gX{
rd
{iZ3gXrGe ZeÝDrdfY[rFrGefUªu3hikf£Zd|rGg
SE ; 2 < )lefU rc  R̄ ; θc < uc w9gX{ rd 
R̄ ; θd < ud ¢QTVUXZ[ÄrGnr¼)lgi¹k Z37w9eflnrGg,¶)Uilnu#U/uxw9g¤5Z£Z3kfl´³Z{;oc {Slk Zu3e·uxw9nu3hi7w9eflnrGgÄk rGY©	9¼«Vw9gX{;© * «3¶Slnd) Z3M1gXr¼)g;©Äd ZZ°Z¢ X¢ 9xS¶ipk rGz,¢ S¢9x~  « 
  
rcrd  R̄ ; θc ! θd <  ud ! ){ r  1
d
uc  ©I1«
)lefU¹){
r  1 efUXZ°Y¡w9efkfl´§{iZ>³XgXZ{¬oc efUXZ|rGnrx)lgi[k Z37w9eflnrGgXd 
){
r  
 R ; θ <  Sp
0 1  , ){ r  1  ; ){ r <   1  
 R ;  θ < R ;  θ < Sp0 1  ©~«
µXk rGY efUXZVw9r¼£ZIk Z37w9eflnrGgXdqw9gX{efUXZÏwGu3eMefUw9e
r   1r  e ¶rGgXZ {iZ{ShXuZdefUw9eMrGkw9g1cdfY[rFrGefUu3hikf£Z
r
rGg
SE ; 2 < )lefU r  R̄ ; θ < u ¶
  	
r   1  R̄ ;  θ < ;  ){ ru < ©«
µlgw9c¶i1curGYilgilgi ©I1«)w9gX{©«>¶irGgXZw9nd rrGie#w9lgXd 



rcr   1d  R̄ ; θc  θd < ){ rd ; uc  ud < ©'=«
w9gX{
    	
r   1c rd  R̄ ; θd  θc < ; ud  ){ r  1
d
rc
uc < © ?«
)Uilnu#U¬Y¡wc¬w9nd r[Z|)kflefe Z3g¹wGd

rcd  R̄ ; θcd < ucd , )lefU ucd  ud  ){ rdcuc © J «
,Z3e
h : ; q, r, t <   h ; q, r, t < {iZ3gXrGe Zw|{Sl  Z3k Z3goefl7w9inZ)ÄhigXu3eflnrGgÄk rGY Rn  q   SE ; 2 < 
R
e r
R
p ¢  lefUd rGY[Zw9ihXd#Z°r9qgXrGe#w9eflnrGg,¶X Z{iZ3gXrGe Z¨oc h r efUXZ|ÄhigXu3eflnrGg¹dfhXu#U¬efUw9ex¶irGkw9g1cdfY[r1rGefU¬u3hikf£Zd ; q, r < ; . < rGg Rn  q   SE ; 2 < ¶
d
dt
h ; q ; t < , r ; t < , t <  h q ; q ; t < , r ; t < , t < q ; t < !  h r ; q ; t < , r ; t < , t < u ; t < !  h t ; q ; t < , r ; t < , t < ©	9x«)lefU 
r  R̄ ; θ < u ¶5w9gX{ h q w9gX{ h t efUXZ¦©Äd e#w9gX{Xw9k {«)zw9kfefl7w9q{iZ3kfl£w9efl£Zdr9 h °¢ kx¢ ex¢ q w9gX{
t
¢
ßß¸ÓP!QQRQRS
9x   $  	
   (/
   
      	 
	   	   	 
	 
	   	 	     	
 
  
"DrGgXd ln{iZ3kw·dfY[rFrGefUhigXu3eflnrGg
f : α   f ; α <	 
 pf ; α <θf ; α < 
Äk rGY
S1
e r
SE ; 2 < ¢ TVUXZ3g,¶
r̄b ; α < :  rbf ; α <   1  
 pb  R ; θb  θf ; α < < pf ; α <θb  θf ; α <   
 p̄bθ̄b  ©	99¼«
5Z3nrGgide r
SE ; 2 < w9gX{=¶wGd·dfhXu#U,¶Úk Z3zik Zd Z3goe d·efUXZ¦dflefhw9eflnrGgr9d rGY[Z[Äk#w9Y[Z Fb̄ ; α < ¶ÚefUXZrGkfllg¹r9)Uilnu#UUwGdurGYz5rGgXZ3goe d
 R ;  θf ; α < < pf ; α <
lgefUXZÄk#w9Y[Z
Fb
¢  lefUefUXZD{Slndfe#w9gXuZI5Z3eÝDZZ3g
Fb
w9gX{
Fb̄ ; α < {iZ>³XgXZ{oc ©«3¶9rGgXZ rGie#w9lgXd 
dγ ; Fb,Fb̄ ; α < <  { γ ; rb, r̄b ; α < < { γ ; rb, rb ; f ; α < <   1 <	 { γ ; e, ; f ; α < <   1 <	 { γ ; f ; α < , e <
TVUXZ3k Z>rGk Z¶

α  S1, dγ ; Fb,Fb̄ ; α < < sup
α
{
γ ; f ; α < , e <   pf ; α < 2 ! γ ; 1  cos θf ; α < <
Dc¦hXdflgi¹©'=«3¶irGgXZZxwGdflc¦rGie#w9lgXdefUw9eefUXZ¨FlgXZ3Y¡w9eflnudr9
Fb̄ ; α < lndVl£Z3goc 

r̄b  R̄ ; θ̄b < ūb ©	9x«
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YhXu UY[rGk ZVZ3gXZ3k#w9iurGgoe Z>§Ser9efUXZDefk#w9gXdf£Z3k d ZDÄhigXu3eflnrGg[w9zizik rwGu U  J ¶9x  ¢tÝg·efUXZDzik Zd Z3g1e
uxwGd#Z¶Xww9Ylc r9Úefk#w9gXdf£Z3k d Z|ÄhigXu3eflnrGgXd)lnd)l£Z3g¬1c
f ; α <   ε1 sinαε1ε2 sin 2α4
arctan ; ε2 cosα <

)lefU
ε1, ε2  0
©	9x«
t gX{iZZ{=¶SrGgXZ|uxw9g¦£Z3kfl´Äc[efUw9eDrGkVw9g1c
α  S1 ¶S{iZ3e H ; α <  ε1ε22 cos ; arctan ; ε2 cos α < <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α  S1 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%R   
Fb̄ ; α <  D()(/E        %
   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   urGYzw9gilnrGgk#w9Y[Z 	
Fb 
µik rGY&)Uw9ezik ZuZ{iZd¼¶o)Uw9e Z3£Z3k efUXZ)Y[rGeflnrGgQr9
Fb̄ ; α < ¶1efUXZ{Slndfe#w9gXuZ)5Z3eÝDZZ3g Fb w9gX{
Fb̄ ; α < gXZ3£Z3kNZ>§SuZZ{id supα { γ ; f ; α < , e < ¶5wrGhigX{)Uilnu U¹uxw9g¹Z°Y¡wG{iZw9kfilefk#w9kflc¬dfY¡w9©ihie·{Sl  Z3k Z3goek rGY xZ3k ro«£1l7wefUXZ¦u UXrGlnuZ r9
ε1
w9gX{
ε2
lg©	9x«3¢¹TVUXZ3k Z>ÄrGk Z¶IwDwxc;r9
urGg1efk rGlgi
Fb
urGgXdflndfe dVlgurGgoefk rGlgiQle d)urGYzw9gilnrGgÄk#w9Y[Z
Fb̄ ; α < ¶XwYhXu#UZxwGdflnZ3kVe#wGdfd lgXuZ
Fb̄ ; α < lndrGYgiln{Slk Zu3eflnrGgw9Ï¢ + ''=
pkflnrGke rwG{i{Sk Zd dflgiefUXZ)urGgoefk rG{iZd lg[lnd dfhXZVle d Z3´f¶rGgXZ)YhXdfeIdfz5Zu3l´ÄcurGgoefk rGrGSs­Zu3efl£Zd
lgk Z37w9eflnrGgªe r¦efUXZe#wGdfSdN)Uilnu UªefUXZY[rGilnZY¡w9gilzihi7w9e rGk¨lndY[Zxw9g1e|e rQz5Z3k­rGkfY¬¢Nt gefUilnd
ßß¸ÓP!QQRQRS
9x   $  	
   (/
k Zd zZu3ex¶lelndhXd#Z>hi,e r¡Uw£ZlgYlgX{¬efUXZk Zdfz5Zu3efl£Z°k rGnZdzi7wcZ{¹ocefUXZ°Y¡w9gilzihi7w9e rGkx¶
rGg rGgXZUw9gX{=¶Mw9gX{efUXZdfhiziz5rGkfeflgi Y[rGilnZ·zi7w9e­ÄrGkfY¬¶,rGgªefUXZ·rGefUXZ3k¨Uw9gX{=¢t g¤wQeÝcFzilnuxw9
w9zizilnuxw9eflnrGg,¶w°e rFrG=rGk)wd Z3gXd rGkVlndDY[rGhigoe Z{rGg efUXZNY¡w9gilzihi7w9e rGkx±²dZ3gX{F ÝZ  Zu3e rGk)lgrGk {iZ3k
e rz5Z3k­ÄrGkfY we#wGd ¨lgo£rG£FlgiNzik Zu3lnd#Z Y[r¼£Z3Y[Z3goe dqlgXd ln{iZDwlYle Z{{irGY¡w9lgr9w9zizilnuxw9eflnrGg,¢
 Z·)luxw9qefUilnd|e#wGd ¹efUXZ !ÝY¡w9gilzihi7w9eflnrGg¤e#wGd  # ¢tÝg Y¡w9g1cuxwGd#Zdx¶=le|lnd|zik Z>ÄZ3k#w9inZ[efUw9e
efUXZY[rGilnZNzi7w9e­ÄrGkfY dfe#wxcFdDY[rGeflnrGginZd dV{Shikflgi·efUXZ|Z>§SZu3hieflnrGgr9,efUXZNY¡w9gilzihi7w9eflnrGge#wGdf5¢
TVUXZ3k Z¦w9k ZQd#Z3£Z3k#w9Ik ZxwGd rGgXdÄrGkefUilndx¶ÚdfhXu UwGdefUXZ¡lYzZ3k­Zu3eflnrGg/r9)efUXZ[³Xe Z3kflgir9z5Z3k­ 
efhikfw9eflnrGgXdNk Zdfhieflgi¡k rGY Y[rx£Flgi¦rGgªw9ghigXZ3£Z3g¹e Z3kfk#w9lg,¶rGkNZ3gXZ3kfc¬d#w£FlgiX¢Nrx Z3£Z3kx¶
Y[r¼£1lgiefUXZd hizizrGkfeflgizi7w9e­ÄrGkfYY¡wc¦w9nd r°5Z)hXd Z>ÄhiÏ¶1rGkDZ3£Z3gQ5ZurGY[ZgXZuZd d#w9kfc¶1)UXZ3g
efUXZQdflxZ¡r9)efUXZQY¡w9gilzihi7w9e rGkx±²d·rGzZ3k#w9eflnrGgw9VdfzwGuZ[lndgXrGed h ¡u3lnZ3goe·e rur¼£Z3kefUXZ¡k#w9giZ
k Zm1hilk Z{ e r¬urGYzinZ3e Z¡efUXZY¡w9gilzihi7w9eflnrGg/e#wGdfrGg/w 7w9kfZ¡rGSsfZu3ex¶MrGk°)UXZ3g;efUilnd°rGSsfZu3e
Y[r¼£Zdw9gX{e Z3gX{ide rnZxw£Z¨efUXZ°k Z3lnrGg¬k ZxwGu Uw9inZoc efUXZ¨Y¡w9gilzihi7w9e rGkx±²dNZ3gX{F ÝZ  Zu3e rGkx¢
TVUXZ°Z3gXZ3k#w9Mln{iZxw[lndefUw9eefUXZ°zikflY[Z°k rGnZr9qefUXZ¨Y[rGilnZzi7w9e­rGkfY¸lnde r[{Slndfzi7wGuZefUXZ
Y¡w9gilzihi7w9e rGk|d r[wGde r[urGYzZ3gXd%w9e Z¨rGkle dlYle Z{¹{irGY¡w9lg¹r9rGzZ3k#w9eflnrGg,¶lgdfhXu#Uw·Vwc
efUw9e·efUXZQY¡w9gilzihi7w9eflnrGg¥e#wGdfuxw9g5ZQuxw9kfkflnZ{rGhie)lefUXrGhielgoe Z3kfkfhizieflnrGg,¢ " nZxw9kfc¶IefUilnd
rGSsfZu3efl£ZlndInrFrd Z3kIefUw9g¦efUXZNrGgXZd Z3eDrGgQefUXZY¡w9gilzihi7w9e rGkx¶Xw9gX{[le)w9nd r°z5rGlgoe dVrGhieVw°FlgX{
r9 !Ýik#w9lg%nZ3d#°rGk !ÝY¡wGdfe Z3k %9df7wx£Z# ¶Xgw9efhik#w9M{iZurGhizilgi w9gX{UilnZ3k#w9k u U1cZ3e  ZZ3g¹efUXZ|eÝ r
Y[Zu#Uw9gilnuxw9dfhiXd cFdfe Z3Y[d¼¢
    	  	   
	        
ºDwc/e refk#w9gXdf7w9e Z efUXZw9r¼£ZurGgXdfln{iZ3k#w9eflnrGgXdlgZ3gXZ3k#w9)Y¡w9efUXZ3Y¡w9eflnuxw9e Z3kfY[dx¶k Z3Y· 
lgilnd#uZ3goe[r9|wu37wGd d lnuxw9w9zizik rwGu UB{iZ3£Z3nrGz5Z{/ÄrGk·efUXZ¦efk Zxw9efY[Z3goe¦r9k Z{ShigX{Xw9gXu3clgefUXZ
uxwGd#Zr9,Y¡w9gilzihi7w9e rGk dDY[rGhigoe Z{ rGgQw|³i§iZ{¡d hizizrGkfe|©Äd ZZZ¢ X¢9 I  rGkIlgXd e#w9gXuZ¼«>¶1urGgXdflnd e d
lg¹urGgXdfln{iZ3kflgiQefUXZzik rGinZ3Y r9YlgilYllgiwd ZurGgX{Xw9kfc¬urdfehigXu3eflnrGg,¶£1l7wefUXZurGgoefk rG
r9 efUXZY[rGilnZ·zi7w9e­rGkfY¬¶5higX{iZ3k|efUXZ·urGgXdfefk#w9lgoe°r9VZ3gSÄrGk u3lgi¬w¦d Z3e|r9"!Ý£Flkfefhw9lgiw9Zd#
)Uilnu#U¹u#Uw9k#wGu3e Z3kflxZefUXZ¨Y¡w9gilzihi7w9eflnrGge#wGdf5¶S£1l7wefUXZ°urGgoefk rGr9efUXZ¨Y¡w9gilzihi7w9e rGkx¢V^rGk Z
zik Zu3lnd#Z3c¶i Z¨)lMwGd#dfhiY[Z¨efUw9e)efUXZ°r¼£Z3k#w9MurGgoefk rGrGSs­Zu3efl£Z°uxw9gZNnrFrd Z3cdfe#w9e Z{¹wGd
rGnrxdl£Z3g¬efUXZ¨{Shik#w9eflnrGg
T
r9ÚefUXZ¨e#wGdf¦Z>§SZu3hieflnrGg 
P0 :

t  0, T  , ^¹lgilYlxZ hs ; rb, t < higX{iZ3kefUXZurGgXdfefk#w9lgoeefUw9e em ; q, rb, t <	 0
)lefU
em
w9gX{
hs
5Z3lgi;wGuuZd dflinZ¬e rªY[ZxwGdfhik Z3Y[Z3goeª©ÄrGk¡urGYilgXZ{BY[ZxwGdfhik Z3Y[Z3goe w9gX{
Zd eflY¡w9eflnrGg«>¢TVUXZ£Zu3e rGk­ Ï£w9hXZ{higXu3eflnrGg
em
u Uw9k#wGu3e Z3kflxZd|efUXZY¡w9gilzihi7w9eflnrGge#wGd ¢)t e
rG1£1lnrGhXd c{iZ3zZ3gX{id·rGg;efUXZ¡Y¡w9gilzihi7w9e rGkx±²dNsfrGlgoeurFrGk {Slgw9e Zd
q
¢t e d{iZ3zZ3gX{iZ3gXuZ¦hiz5rGg
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P0
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P0
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ub
Ð%Ó9×
uq
ä
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efUXZ Y[rGilnZ¬zi7w9e­ÄrGkfY¬±²dQdflefhw9eflnrGg
rb
urGY[ZdÄk rGY efUw9eefUilndzi7w9e­rGkfY®lnd¡w9nd rªefUXZ¬wGd Z
r9NefUXZY¡w9gilzihi7w9e rGkx¢¯TVUXZ lgX{iZ3z5Z3gX{iZ3goeQeflY[Z> Ï£Gw9kfl7w9inZ
t
lnd·hXd Z{e rªzw9k#w9Y[Z3e Z3kflxZ¬efUXZ
z5rd dflinZZ3£rGhieflnrGgr9,efUXZY¡w9gilzihi7w9eflnrGgrGSsfZu3efl£Z¶SwGd  Z3,wGd zrd#dflinZ£w9kfl7w9eflnrGgXdVr9,efUXZ
Z3g1£1lk rGgiY[Z3g1e¹©k ZdfhieflgiX¶IÄrGk·lgXdfe#w9gXuZ¶k rGY efUXZ¦Y[rGeflnrGg¯r9|w9g¥rGSsfZu3e %e#w9kfZ3e[efk#wGu Z{
1cefUXZ¬Z3gX{F ÝZ  Zu3e rGk%«>¢TVUXZd ZurGgX{Xw9kfc¯rGSs­Zu3efl£Z¹urGgXuZ3kfgilgiefUXZYlgilYl¼w9eflnrGg r9
hslndhXdfhw9cªnZd d{iZ3Y¡w9gX{SlgiefUw9gefUXZ¡Y¡w9gilzihi7w9eflnrGge#wGdfªZuxw9hXd Z¶lg¤Y¡w9g1cuxwGd Zdx¶MefUXZ
! Z>§XwGu3e#|YlgilYl¼w9eflnrGgr9ÚefUilndVÄhigXu3eflnrGg¬lnd)gXrGew·dfefkflnu3e)k Zm1hilk Z3Y[Z3goex¢
 UXZ3g¹efUXZ¨Y[rGilnZzi7w9e­rGkfY¸lndUXrGnrGgXrGYlnu¶d#r[efUw9eefUXZ°Y[rGilnZY¡w9gilzihi7w9e rGk|uxw9g5Z
£FlnZ3 Z{ªwGd|w9gZ>§Se Z3gX{iZ{Y¡w9gilzihi7w9e rGkw9kfY )lefUª{SlY ; q < ! {SlY ; rb < {iZ3k ZZd|r9qÄk ZZ{irGY¬¶pk rGinZ3Y
P0
uxw9gªZ·d rG£Z{higX{iZ3k¨k Z37w9efl£Z3cYln{¤wGd#dfhiYzieflnrGgXd|hizrGg
hs
w9gX{
em
¢°µrGk
Z>§Xw9YzinZ¶5l´
hs ; rb, t < wG{SYle dw[higilnm1hXZ·YlgilYhiY r  ; t < ÄrGk|ZxwGu U t ¶=w9gX{ªl´IefUXZhigXu3eflnrGg
; q, t <   em ; q, r  ; t < , t < lnd    ()(  
 9 I  d refUw9eefUXZ3k ZZ>§Slndfe dw¡d rGhieflnrGg q  ; t < e refUXZZm1hw9eflnrGg
em ; q, r   ; t < , t <  0 ¶pqk rGinZ3Y P0 lndd rG£Z{1cw9goc¬urGg1efk rG7wx ; uq, ub < )Uilnu UZ3gXd hik Zd·efUXZurGgo£Z3kfZ3gXuZ¬r9 ; q ; t < , rb ; t < < e rªefUXZ    
 efk#wsfZu3e rGkfc ; q  &; t < , r  ; t < < ¢a1lgXuZefUXZY¡w9zizilgi ; uq, ub <   ; q, rb < lndrGgoe rQlg¬efUilnduxwGd#Z¶iefUXZZ>§Slndfe Z3gXuZr9Iw¡dfY[r1rGefUln{iZxw9efk#wsfZu3e rGkfc·lndIdfh ¡u3lnZ3g1eIe r°Z3gXd hik ZefUXZZ>§Slndfe Z3gXuZr9MwNZZ{SwGu urGgoefk rG)Uilnu U wGdfcFYzie rGefl´ 
uxw9c·dfe#w9illxZdIefUilndqefk#ws­Zu3e rGkfc¢IaFZZ¶ÄrGkqlgXd e#w9gXuZ¶9 IX¶ " Uw9z,¢OI  «ÄrGkqefUXZ){iZ3e Z3kfYlgw9eflnrGg
r9,dfhXu#U¡urGgoefk rG7wdIÄk rGY efUXZY[ZxwGdfhik Z3Y[Z3g1eDr9
em
w9gX{
hs
¶Fw9gX{[efUXZuxw9nu3hi7w9eflnrGg r9=efUXZ3lk
{iZ3kfl£w9efl£Zdx¢
tÝg¬efUXZuxwGd Z°r9Iw·gXrGgiUXrGnrGgXrGYlnuzi7w9e­rGkfY¬¶XefUXZd lefhw9eflnrGglndd lgil´³uxw9goefc¬Y[rGk ZurGY· 
zilnuxw9e Z{=¢TVUXZ{Sl¡u3hieÝclnd|eÝDr9ÄrGn{ |lO«efUXZ·ln{iZxw9qefk#wsfZu3e rGkfc
r  ; t < wGd d rFu3l7w9e Z{ª)lefUefUXZYlgilYl¼w9eflnrGgr9)efUXZ[d ZurGgX{Xw9kfc urdfe
hs
UwGdgXr¬k ZxwGd rGg;r9V5Z3lgi E  D( 
  ÄrGk°efUXZ[gXrGgS 
UXrGnrGgXrGYlnuzi7w9e­rGkfY¬¶w9gX{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gXrlg XhXZ3gXuZ¦rGgefUXZ¡£Gw9kfl7w9eflnrGgr9)efUXZÄhigXu3eflnrGgw9g1c Y[rGk Z¢¬TVUilndlYzilnZdefUw9eefUXZ
YlgilYl¼w9eflnrGgr9
hs
w9ew9MeflY[Z> ÏlgXdfe#w9goe dNuxw9gigXrGe5Z|hw9k#w9goe ZZ{lg¬efUilnduxwGd Z¢TVUXZ°eflY[Z
Z3£rGhieflnrGg¬r9
hs
)l5efUXZ3g{iZ3zZ3gX{ rGg efUXZ|u UXrGlnuZ¨r9efUXZNurGg1efk rG=7w°¶Xw9gX{¦efUXZNzik rGzZ3kfeflnZd
r9
hs
le d Z3´f¢  Zzik rGz5rd Z5Z3nrx w9g Z>§Fzik Zd#dflnrGg¡rGk
ūb
)Uilnu#U,¶XwGd d rFu3l7w9e Z{¡)lefUwd hile#w9inZ
{iZurGYz5rdfleflnrGg¬r9efUXZ ! {Skfl´eVe Z3kfY#  hs t ¶1lnd	!Ýl7w9inZ#|e rzZ3k­rGkfY  Z3=lg Y¡w9g1c¦dflefhw9eflnrGgXd¼¢tÝg)Uw9e|ÄrGnr¼dx¶5efUXZw9kfhiY[Z3goe d
r̄b
w9gX{
t
r9)w9ÄhigXu3eflnrGgXd|)lÚZ·rGYlefe Z{rGkefUXZ
d%w9Z¨r9k ZxwG{Xw9ille c¢
"DrGgXdfln{iZ3kw·{iZurGYz5rdfleflnrGg¹r9  hs t lgefUXZ|rGkfY
 hs t  aT b1 ! b2 © * I1«)lefU
b1
w9gX{
b2
d rGY[ZNÄhigXu3eflnrGgXdr9
r̄b
w9gX{
t
¢qTVUXZ3g,¶ilg¬£FlnZ3 r9© * «>¶

hs  aT ; ūb ! b1 < ! b2 © * ~«
TVUilnd¡{iZurGYzrdfleflnrGglndx¶Dr9|urGhik d Z¶DgXrGe[higilnm1hXZ¢¯t eQw9k ZxwG{Sc¯w9zizZxw9k dk rGY®efUXZ¹w9r¼£Z
k Z37w9eflnrGg¹efUw9ew{iZurGYz5rdfleflnrGg)lefU
b2  0 YhXd eZ¨wx£rGk#w9inZ°e refUXZ¨YlgilYl¼w9eflnrGgªr9
hs
¢r¼ Z3£Z3kx¶5efUilndNu UXrGlnuZr9
b2
lndgXrGe|w9DwcSdNzrd#dflinZ¶5Zuxw9hXd Z  hs t Y¡wcZ°{Sl  Z3k Z3goeÄk rGYxZ3k r¦)UXZ3g  hs r̄b  0 ¢TVUXZ·k Z37w9eflnrGgB© * ~«w9nd#rdfUXrxd|efUw9e b1 urGgoe#w9lgXd¨efUXZzw9kfe°r9 hs t )Uilnu U¥uxw9g/Z ! Z>§iwGu3efc #[zik Z> ÝurGYzZ3gXd%w9e Z{;1c efUXZQurGg1efk rGÏ¢#MZ3ehXdefUXZ3g/urGgXd ln{iZ3kefUXZ[zik rGinZ3Y r9DYlgilYllgi
1
2
; ūb ! b1 < T K   1 ; ūb ! b1 < ©)lefU K  0 «|°¢ kx¢ e ūb ¶MhigX{iZ3kefUXZ¦urGgXdfefk#w9lg1eefUw9e 
hs  ; aT Da < ¢TVUXZ¡ln{iZxwS¶q5Z3UilgX{;efUilndzik rGinZ3Y¬¶lnde r¹lO«¨Y¡w9Z
hs
{iZu3k ZxwGd Z¡)lefU¯w¬k#w9e Z©zw9kfefcX«°d zZu3l´³Z{;oc¤efUXZQY¡w9efkfl´§
D
©efUilndlndefUXZQk rGnZQr9efUXZ
urGgXd efk#w9lgoe%«>¶=w9gX{¬llO«w9Y[rGgi¡efUXZurGg1efk rGndNc1lnZ3n{SlgiQefUilndk#w9e Zr9q{iZu3k ZxwGd#Zr9
hs
¶Xzilnu#efUXZ
rGgXZI)UXrd Z{Sl  Z3k Z3gXuZI)lefUefUXZzik Z> ÝurGYz5Z3gXd#w9eflnrGg·r9  hs t efUik rGhiUefUXZIe Z3kfY b1 lnd,YlgilY¡w9lgªefUXZ Z3lU1e Z{ gXrGkfY wGd d rFu3l7w9e Z{)lefUªefUXZz5rdflefl£ZY¡w9efkfl´§
K   1 ¢°TVUilnd|YlgilYl¼w9eflnrGgrGSsfZu3efl£Z lndk Z37w9e Z{e rªZ3gXZ3kfc/d#wx£1lgiX¢tÝe[w9nd rªurGkfk Zdfz5rGgX{id·e refUXZQzik ZrFuu3hizw9eflnrGgBr9
lYleflgiefUXZg1hiY5Z3kr9iY¡w9gX»|hi£Fk Zd{Shikflgiefk#w9gXdflnZ3goeziUwGd Zdx¶)UXZ3gefUXZIY[rGilnZzi7w9e­rGkfY
lndgXrGgiUXrGnrGgXrGYlnu¶qoc¤u#UXr1rd lgi
K
wG{iZm1hw9e Z3c¢^¹rGk ZQ{iZ3e#w9lnd·w95rGhieefUilndlnd dfhXZQuxw9g5Z
rGhigX{ lg 9  ¢µrGklgXdfe#w9gXuZ¶i1c¦u#UXr1rdflgi
K ; α < H̄ ; α < K̄H̄ ; α < T © * «
ßß¸ÓP!QQRQRS
   $  	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)lefU
H̄ ; α < efUXZY¡w9efkfl´§{iZ>³XgXZ{lg©	9x~«Nw9gX{ K̄   Nl7w9  k̄b, k̄b, k̄α  w¡urGgXd e#w9goe|zrd lefl£ZY¡w9efkfl´§=¶rGgXZUwGd
ūTb K ; α <  1ūb  ; 1  k̄b <  ub  2 ! ; 1  k̄α < α2 ¢VTVUilnd7w9efe Z3kk Z37w9eflnrGg¹lgefhikfgd hiZdfe d¡e r;u UXrFrd Z
k̄b
dfY¡w9nZ3k¦efUw9g
k̄α
lg rGk {iZ3kQe rzZ3gw9lxZ¹efUXZdflxZ¹r9°zi7w9e­ÄrGkfY¬±²d
£Z3nrFu3leÝc
ub
Y[rGk ZefUw9gªefUXZ·dflxZr9IefUXZ·urGYzihie Z{ w9hS§Fll7w9kfcurGgoefk rG 
α
¢ Dc¬hXdflgi© * ~«¶
efUXZ|7w9k#w9gil7w9gªwGd d rFu3l7w9e Z{)lefU¬efUXZ°wrGk Z3Y[Z3goeflnrGgXZ{¹YlgilYl¼w9eflnrGg¹zik rGinZ3Y¸lnd
L ; ūb <	 1
2
; ūb ! b1 < T K   1 ; ūb ! b1 < ! λ   aT ; ūb ! b1 < ! b2 ! ; aT Da <
)lefU
λ
efUXZ Mw9k#w9giZzw9k#w9Y[Z3e Z3kx¢ITVUXZ¨rGzieflY¡w9le c¬urGgX{SleflnrGg
 L ūb ; ūb < 0cFlnZ3n{id
ūb   b1  λKa ¶w9gX{ª1cªhXdflgi¬efUilnd°Z>§Szik Zd dflnrGg lg¤efUXZ¡urGgXdfefk#w9lgoeZm1hw9eflnrGglerGnrxdefUw9e
λ  aT Da ! b2
aT KaTVUXZ3k Z>rGk Z¶iefUXZ°d#rGhieflnrGg¬e r·efUXZw95rx£Z¨YlgilYl¼w9eflnrGgzik rGinZ3Yºlnd
ūb  b1  aT Da
aT Ka
Ka  b2
aT Ka
Ka
TVUXZk Z3hi7w9kfl¼w9eflnrGgr9MefUilndVZ>§Szik Zd dflnrGg,¶Flg rGk {iZ3kDe r·Z3gXdfhik ZefUw9e
ūb
lndIDZ3,{iZ>³XgXZ{¦)UXZ3g hs r̄b  0 ©lÏ¢²Z¢D)UXZ3g a  0 «>¶nZxwG{id©w9Y[rGgi¦rGefUXZ3kz5rd dflilleflnZd%«Ve refUXZ¨rGnrx)lgi¦urGgoefk rGZ>§Szik Zd dflnrGg
ūb  b̂1  aT Da ! b̂2
aT Ka ! µ Ka
© * =«
)lefU
µ
{iZ3gXrGeflgi;wdfY¡w9Vzrd lefl£ZQg1hiY5Z3kx¶Dw9gX{
b̂i
©)lefU
i  1, 2 «d rGY[Z   D!'Zd eflY¡w9eflnrGg¤r9
bi
efUXZ·u UXrGlnuZ¡r9I)Uilnu U¤lnd|{Slnd u3hXd#d Z{Z3nr¼°¢µik rGY © * ~«¶efUXZ[w9zizilnuxw9eflnrGg
r9ÚefUXZ¨urGgoefk rG7w © * =«DcFlnZ3n{idx¶Slg¬u3nrd Z{F ÏnrFrGz

hs  aT Ka
aTKa ! µa
T Da !  hs t 6; aT b̂1 ! a
T Ka
aT Ka ! µb̂2 <
© * ?«
MZ3ehXdÚgXr¼¯urGYY[Z3goeIrGg·efUXZVu UXrGlnuZ)r9 ; b̂1, b̂2 < lgk Z37w9eflnrGg)lefU·zrd#dflinZV{iZurGYzrdfleflnrGgXd
; b1, b2 < r9  hs t ¢
A C Â 0 ¾ , Ähi=zik Z> ÝurGYzZ3gXd%w9eflnrGg¹r9  hs t oc d Z3efeflgi¹© b̂1  b1, b̂2  b2 «>¢t gefUilnduxwGd Z¶XefUXZ|k Z37w9eflnrGgXd© * I1«)w9gX{© * ?«Vc1lnZ3n{

hs  aT Ka
aT Ka ! µa
T Da ! µ
aT Ka ! µb2
© *J «
')( ß ' ã
 	
	

 !#"$%
 &')( 9
TVUilndZm1hw9eflnrGg/dfUXr¼defUw9eefUXZ¡lg1efk r1{ShXu3eflnrGg¥r9)efUXZQk Z3hi7w9kfllgiªurGgXd e#w9goe
µ
zik Z3£Z3goe d
efUXZ{iZdflk Z{¡urGgXd efk#w9lgoeDk rGY Z3lgid#w9eflnd­³Z{QZ>§iwGu3efc¢qTVUilnd DwGdDZ>§Fz5Zu3e Z{=¢qt e w9nd r°z5rGlgoe d
rGhieIefUXZVwGu3eIefUw9eefUXZ)zik Z> ÝurGYz5Z3gXd#w9eflnrGg¦r9  hs t lndDw9XefUXZ)Y[rGk ZZ¡u3lnZ3g1ex¶1lg¡e Z3kfY[dIr95efUXZYlgilYl¼w9eflnrGgr9
hs
¶9efUw9e 
b2
 lnddfY¡w9Ï¢t gX{iZZ{=¶)UXZ3g
b2   0
¶9efUXZ3g
hs
lndMgXrGgS ÏlgXu3k ZxwGdflgiX¶
w9gX{
a
¶Úw9gX{ efUohXd  hs r̄b ¶MurGg1£Z3kfZ¡e r xZ3k ri¢QtÝ hs lnddfefkflnu3efc urGgo£Z>§¤)lefU¤k Zd zZu3e°e r¬efUXZ£w9kfl7w9inZ
r̄b
w9gX{ {ir1Zd|gXrGe°{iZ3z5Z3gX{ rGgªeflY[Z¶,efUilnd|lgªefhikfg lYzilnZd¨efUw9e
hs
urGgo£Z3kfZde r
le dNYlgilYhiY¬¢  UXZ3g
b2
 
0
¶5leNlndNgXr¦nrGgiZ3k¨z5rd dflinZe r¦Z3gXd hik ZefUw9e
hs
urGgo£Z3kfZde r
wYlgilYhiY¬¢\NZ3£Z3kfefUXZ3nZd dx¶efUXZrGnrx)lgik Z37w9eflnrGg ©)Uilnu U/lndw¬{Slk Zu3eurGgXd Zm1hXZ3gXuZ¡r9
© *J «f«
; aT Da < ; aT Ka <  µb2   hs  0
lgX{Slnuxw9e ZdQefUw9e¡efUXZ{iZu3k ZxwGd Zr9
hs
lnd¡w9efUXZ¬Y[rGk ZlZ3c¥efUw9e 
b2
 lnd¡dfY¡w9Ï¢  UXZ3g
b2
uxw9gigXrGe[5ZQe#w9Z3g¯Zm1hw9Ve r xZ3k ri¶ w¹z5rd dflinZ dflYzinZ{iZurGYz5rdfleflnrGg ; b1, b2 < r9  hs t ¶urGUXZ3k Z3g1e)lefU¬efUXZ|kfhinZr9ZZ3zilgi 
b2
 d Y¡w9Ï¶ilndx¶FrGk)lgXdfe#w9gXuZ
b1   hs t 1 a  2 ! ν a  b2   hs t ν a  2 ! ν ©Io«)lefU
ν
{iZ3gXrGeflgiQw·dfY¡w9,z5rdflefl£Z¨g1hiY5Z3kx¢
A C Â 0 ¾ 3 ÚgXr·zik Z> ÝurGYz5Z3gXd#w9eflnrGg¹r9  hs t 1c d#Z3efeflgi© b̂1  0, b̂2  0 «>¢"DrGYY[rGgurGgXd Zm1hXZ3gXuZdr9ÚefUilndu#UXrGlnuZw9k ZwnZd d !Ýk ZxwGu3efl£Z#urGgoefk rGÚw9gX{¹w{iZ3k#wG{Xw9eflnrGg
r9)z5Z3k­ÄrGkfY¡w9gXuZ¶lg;e Z3kfY[dr9)YlgilYllgi
hs
¢  g;efUXZ¡rGefUXZ3kUw9gX{=¶qw 5Z3gXZ>³u3l7w9VurGhigS 
e Z3kfzw9kfe°r9 efUilnd|nrd d|r9Ik ZxwGu3efl£1le c¹lnd¨wQk Z{ShXu3eflnrGg¤r9IefUXZ·urGgoefk rG Z  rGkfex¢°TVUilnd|Z  Zu3e¨uxw9g
5Z¦rGk Zd ZZ3gk rGY efUXZurGgXdfefk#w9lgXZ{BrGzieflYl¼w9eflnrGgzik rGinZ3Y urGgXdfln{iZ3k Z{¥rGkefUXZurGgoefk rG
{iZd lg,¶wÄe Z3kk Z3Y¡w9kf1lgiQefUw9ed Z3efeflgi
b1  0 cFlnZ3n{idefUXZ°YlgilYl¼w9eflnrGgªr9 ūTb K   1ūb ¢ t g£FlnZ3 r9© * ?«>¶iefUXZ|£w9kfl7w9eflnrGg¹r9
hs
lnd)efUXZ3g¬l£Z3g¬1c

hs  aT Ka
aT Ka ! µa
T Da !  hs t
©I!9¼«
A C Â 0 ¾ @ zik Z> ÝurGYz5Z3gXd#w9eflnrGg¬r9  hs t urGYilgXZ{¬)lefU wk Z{ShXu3eflnrGgr9MefUXZ|urGgoefk rG=Z  rGkfex¶1c¦d#Z3efeflgi ; b̂1  0, b̂2   hs t < ¢TVUilndQu UXrGlnuZ¹urGkfk ZdfzrGgX{idQe r efUXZ¬{iZurGYz5rdfleflnrGg ; b1  0, b2   hs t < r9  hs t ¢tÝgBefUilnduxwGd#Z¶VefUXZurGgoefk rG|Z  rGkfe¡lndQk Z{ShXuZ{ ©OrGk¡efUXZ¹d#w9Y[Z¬k ZxwGd rGgXd wGd[lgefUXZ¬zik Z3£FlnrGhXdQuxwGd#Z¼«
w9e|efUXZZ>§SzZ3gXd#Zr9VefUXZzik Z> ÝurGYzZ3gXd%w9eflnrGg;r9  hs t ¶,)Uilnu U¤lnd|gXrGewGu#UilnZ3£Z{¤Z>§iwGu3efc¶w9gX{=¶d hiXd ZmohXZ3g1efc¶Xw9e efUXZ|Z>§SzZ3gXd#Zr9MefUXZNYlgilYl¼w9eflnrGg¬r9
hs
¢qTVUilndVurGgoefk rG,d#rGhieflnrGg uxw9g 5Z
d#ZZ3gwGdVlg1e Z3kfY[Z{Sl7w9kfc Z3e  ZZ3g " UXrGlnuZd 9¨w9gX{¬S¢  1£1lnrGhXdfc¶XefUXZ3k Z|lndw9nd rwurGg1eflgohihiY
r9Dzrd#dflilleflnZd|lgo£rG£Flgi¬zw9kfefl7w9qzik Z> ÝurGYz5Z3gXd#w9eflnrGg;r9  hs t ¶=ZxwGu Ur9DefUXZ3Y wGu UilnZ3£Flgi¹w{Sl  Z3k Z3goeVurGYzik rGYlnd Zlg¡e Z3kfY[dVr9,urGgoefk rG=Z3gXZ3kfc[Z>§SzZ3gX{Slefhik Z|w9gX{[YlgilYl¼w9eflnrGgr9
hs
¢
ßß¸ÓP!QQRQRS
   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µik rGY efUXZ3k Z¶ w{iZZ3z5Z3kw9gw9cSdflndr9NefUXZ¦urGg1efk rG)zik rGzZ3kfeflnZd[k Zmohilk Zd·e rªdfz5Zu3l´cefUXZ
ÄhigXu3eflnrGg
hs
ÄhikfefUXZ3kx¶wGd)lhXdfefk#w9e Z{ocw9gZ>§iw9YzinZ°efk Zxw9e Z{lg¬efUXZ|gXZ>§Sed Zu3eflnrGg,¢
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Ï¢TVUilndwGu3eNlnd|w9nd r
lhXdfefk#w9e Z{1c¦µ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ν  10   4 ¢TVUXZ¦zw9k#w9Y[Z3e Z3k d ; λ, ξ <  ; 1.66, 1 < ¶ δ  i  0.2 ; qi,    q  i < ¶ δ i  0.2 ; q i  qi,  E< ¶
δ    i  23δ  i ¶w9gX{ δ  i  23δ 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lefhX{iZ¨r9,efUXZNzi7w9e­rGkfY¬±²dD{Slnd zi7wGuZ3Y[Z3goe dx¢ TVUilnd
{ir1ZdNgXrGeNlYzZ{iZefUXZwGu UilnZ3£Z3Y[Z3g1er9IefUXZY¡w9gilzihi7w9eflnrGgrGSsfZu3efl£Z¶,wGddfUXr¼)gªoc
µ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¶Slelnd)hieflY¡w9e Z3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Ψ ; t < lnd,{iZ>³XgXZ{wGdw95rx£Z©Ïa1lYhi7w9eflnrGg©«f«>¶9w9gX{ ; b̂1, b̂2 < lndd Z3eMwGuurGk {Slgie r A C Â 0 ¾3 lgaFZu3eflnrGg * ¢ * ¢ÊS¶)lÏ¢²Z¢ ; b̂1, b̂2 <  ; 0, 0 < ¢ c¯urGYzw9kflnd#rGg )lefU efUXZ¬zik Z3£FlnrGhXddflYhi7w9eflnrGg,¶efUilnd¡u UXrGlnuZ¹cFlnZ3n{idQw YhXu U dfY[rFrGefUXZ3k¡Y[rGeflnrGgr9¨efUXZzi7w9e­ÄrGkfY w9gX{
urGgo£Z3kfZ3gXuZe rQw³i§SZ{zrd efhik Z¢)TVUXZ°Y¡w9gilzihi7w9eflnrGg rGSs­Zu3efl£Zlndw9ow9lgz5Z3k­ÄZu3efc
wGu UilnZ3£Z{wÄe Z3k|efUXZ·efk#w9gXdflnZ3goe¨ziUwGd#Z·lndNZ>§SeflgXu3ex¶Mw9efUXrGhiU¤efUilnd|ziUwGd#Z7wGd e d|nrGgiZ3k
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Ψ ; t < lndQ{iZ>³XgXZ{ wGdQw95rx£Z¶w9gX{ ; b̂1, b̂2 < lnd¦d Z3e¦wGuurGk {Slgi/e r A C Â 0 ¾ @ lgaFZu> eflnrGg * ¢ * ¢ÊS¶5lÏ¢²Z¢ ; b̂1, b̂2 <  ; 0, 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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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x9  ¾  Â  ¿ 3  µrGkDefUXZ|dflYhi7w9eflnrGgk Zdfhie dDk Z3zrGkfe Z{rGg µlX¢ = 	9xS¶SefUXZ|d#w9Y[Z
urGg1efk rG=zw9k#w9Y[Z3e Z3k dwGdw95rx£ZNUw£Z°ZZ3gurGgXdfln{iZ3k Z{¬w9gX{ e Zdfe Z{¦)lefUefUXZrGhikV{Sl  Z3k Z3goe
u#UXrGlnuZdIr9
Ψ
¶
b̂1
¶1w9gX{
b̂2
urGkfk Zd zrGgX{Slgi°e ra1lYhi7w9eflnrGgXd¨©w«>¶©«>¶©Äu¼«>¶1w9gX{©Ä{«>¢ Nrx Z3£Z3kx¶
efUXZ e#w9kfZ3ex±²dÚY[rGeflnrGg·lndgXrx¥Y[rGk ZDurGYzinZ>§·w9gX{le d7w9kfZ3kqw9YzilefhX{iZVlndÚdfhXu#UefUw9ex¶o{Shikflgi
d#rGY[ZeflY[Z[lgoe Z3kf£w9ndx¶=efUXZ·zi7w9e­rGkfY	UwGd¨e r¦Y[rx£Z¡w9gX{ Z>§iZu3hie Z·Y¡w9gX»|hi£1k Zdlg rGk {iZ3k°e r
w9nr¼ÄrGkefUXZ¡efk#wGu#1lgi r9efUXZQe#w9kfZ3e·oc¤efUXZ¦Y¡w9gilzihi7w9e rGkx±²dZ3gX{F ÝZ  Zu3e rGkx¢ TVUXZ¦lgilefl7w9
d lefhw9eflnrGgBr9NefUXZ¬e#w9kfZ3e[°¢ kx¢ ex¢¯efUXZzi7w9e­rGkfY®lnd
rbt ; 0 <  ; 2.5, 1, 0 < T ¶Dw9gX{¥efUXZ¬lgilefl7w9urGgS³Xhik#w9eflnrGg¬r9,efUXZNY¡w9gilzihi7w9e rGkw9kfYlnd
q ; 0 < ; 0, 0.35, 0 < T ¢TVUXZNe#w9kfZ3ex±²dV£Z3nrFu3leÝc utlnddfzZu3l´³Z{ lg¹Tw9inZ9¢
Tw9inZ 9 qTw9kfZ3ex±²d£Z3nrFu3leÝc¦ÄrGk)efk#wsfZu3e rGkfc¬
        
  (       ( D
E    
m.s   1  m.s   1    rad.s   1 
t   0, 5 < ut ; t < ; 0, 0, 0 < T
t   5, 27 < ut ; t < ; 0, 0, π220 cos π  t   5 2 < T
t   27, 37 < ut ; t < ; 0.2, 0, 0 < T
t   37, 59 < ut ; t < ; 0, 0, π220 cos π  t   37 2 < T
t   59, 99 < ut ; t < ; 0, 0.05, 0 < T
t   99, 105 < ut ; t < ; 0, 0, 0 < T
t   105, 115 < ut ; t < ;  0.2, 0, 0 < T
t   115, 120 < ut ; t < ; 0, 0, 0 < T
µik rGY efUilndDe#w9inZ¶Xw9gX{ wGdVrGgXZ|uxw9g¬rGXd Z3kf£Z|rGgµlX¢ =F¶1efUXZNefk#wsfZu3e rGkfcQr9MefUXZ¨rGkfllgr9
efUXZe#w9kfZ3ex±²dk#w9Y[ZlndurGYz5rd Z{r9efUik ZZd efk#w9lUoe|lgXZdx¢ "DrGg1efk#w9kfce r¡efUXZzik Z3£FlnrGhXd|d Z3e
r9)dflYhi7w9eflnrGgXdx¶efUXZ[rGkflnZ3goe#w9eflnrGg¥r9VefUXZ[e#w9kfZ3e°lndgXrnrGgiZ3kurGgXdfe#w9g1ex¢ TVUXZ[dflYhi7w9eflnrGg
k Zd hie d©ÄµlX¢ = 	9x«VwGd lnuxw9c urGgS³XkfY¸efUXZ°rGXd Z3kf£w9eflnrGgXdY¡wG{iZ°lgefUXZ¨zik Z3£1lnrGhXduxwGd Z¢t g
zw9kfeflnu3hi7w9kx¶
9¢TVUXZu#UXrGlnuZ·©w«>¶orGkIefUXZurGg1efk rG{iZd lg,¶1cFlnZ3n{id w9g¦Z>§SuZ3nZ3g1eVefk#wGu Flgir9=efUXZe#w9kfZ3e
oc efUXZªY¡w9gilzihi7w9e rGkx±²dZ3gX{F ÝZ  Zu3e rGkx¶¨ihieefUilnd¬zZ3k­rGkfY¡w9gXuZ¤lndrGie#w9lgXZ{ w9eefUXZ
Z>§Fz5Z3gXd Z r9XefUXZ dfe ZxwG{ScY[rGeflnrGgr9XefUXZ Y[rGilnZDzi7w9e­ÄrGkfY w9gX{g1hiY[Z3k rGhXdÚY¡w9gX»|hi£1k Zd¼¢
S¢TVUXZu#UXrGlnuZ©«qk Z{ShXuZdDefUXZgohiY5Z3k)r9,efUXZzi7w9e­rGkfY¬±²dDY¡w9gX»|hi£1k Zd¼¶1ihieDefUXZzi7w9e­ 
ÄrGkfY¬±²d£Z3nr1u3leflnZd|w9k Zd efl,7w9kfZ{Shikflgi¦d rGY[Zr9qefUXZd Z¨Y¡w9gX»|hi£Fk Zdx¢ VZdfln{iZdx¶efUilnd
urGgoefk rGd efk#w9e Z3c{irFZd·gXrªnrGgiZ3k¡Z3gXdfhik Z efUXZ¬zZ3k­Zu3eefk#wGu Flgir9efUXZ¬e#w9kfZ3eoc
efUXZY¡w9gilzihi7w9e rGkx±²d)Z3gX{F ÝZ  Zu3e rGkVw9efUXZeflY[Z¢qTVUXZzik rGinZ3YrFuu3hik dVw9eIeflY[Zd )UXZ3g
efUXZ {iZ37wcZ{¥Y¡w9gX»|hi£Z3kflgir9efUXZ Y[rGilnZ zi7w9e­ÄrGkfY¬¶IlgrGk {iZ3k·e rªuxw9e u US ÏhizB)lefU
efUXZ¡Z3£wG{Slgi¹e#w9kfZ3ex¶zik Z3£Z3g1e d·efUXZ[Y¡w9gilzihi7w9eflnrGg¥rGSs­Zu3efl£Z¡Äk rGY 5Z3lgiwGu UilnZ3£Z{
)lefUXrGhieNwY¡w9gilzihi7w9e rGkx±²dIs­rGlg1eurGln{Slgi[lg1e r¡rGgXZ°r9Úle d)lYle dx¢
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* ¢ DcNurGYzw9kflnd rGg)lefU " UXrGlnuZ©«>¶efUXZu UXrGlnuZdD©Äu¼«=w9gX{¡©Ä{«cFlnZ3n{¨Z3£Z3g¨Z3 Z3k,Y¡w9gX»|hS 
£1k Zd°w9gX{ d Y¡w9nZ3k¨zi7w9e­ÄrGkfY¬±²d¨£Z3nrFu3leflnZdx¢·TVUXZ[w9Y[rGhigoer9 eflY[Z{Shikflgi)Uilnu UefUXZ
efk#wGu Flgi¹r9VefUXZ·e#w9kfZ3e1c¹efUXZY¡w9gilzihi7w9e rGkx±²dZ3gX{F ÝZ  Zu3e rGklnd¨z5Z3k­ÄZu3efcªZ>§iZu3hie Z{
lndgXrGeYhXu#U¥{Sl  Z3k Z3g1ex¶qZ3£Z3goefUXrGhiUefUXZ[Äk Zm1hXZ3gXu3c¤r9efUXZ¡eflY[ZQlgoe Z3kf£w9nd·{Shikflgi
)Uilnu U z5Z3k­ÄZu3eNefk#wGu FlgilndNnrdfe¨{ir1ZdNgXrGe¨d ZZ3Y e r¦Zwx£rGk#w9inZ·e r¦efUXZu#UXrGlnuZ¬©«
©Äd ZZµlX¢ ?i©«>¶ ?i©Äu¼«>¶w9gX{ ?i©Ä{«f«>¢tÝgefUilnd¡k Zd zZu3ex¶w9gX{ wGd¡Z>§SzZu3e Z{¯k rGY efUXZ
w9gw9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5urGgS³Xhik#w9eflnrGg¦r9,efUXZY¡w9gilzihi7w9e rGkVw9kfYlnd
q ; 0 < ; 0, 0.5 < T ¢ÚTVUXZe#w9kfZ3ex±²d£Z3nrFu3leÝc 
pt
lndd zZu3l´³Z{lg¬Tw9inZS¢
TVUXZ3k ZQk Z3Y¡w9lgXd·e rªdfz5Zu3l´Äc efUXZ¡ÄhigXu3eflnrGgXd
Ψ
¶
b̂1
¶Iw9gX{
b̂2
¢ªµXrGhik[u#UXrGlnuZd·Uw£Z 5ZZ3g
urGgXd ln{iZ3k Z{=¶,urGkfk Zdfz5rGgX{Slgi¬e r¦efUXZÄrGhik¨dfefk#w9e Z3lnZdw9k ZxwG{Sce Zdfe Z{rGk|efUXZ·efk#wGu Flgiw9zS 
zilnuxw9eflnrGgªr9DaFZu3eflnrGg IX¢9¢TVUXZd lYhi7w9eflnrGgªk Zdfhie dk Z3zrGkfe Z{rGgµlX¢ 9x 	9x~QurGgS³XkfY efUXZ
urGgXu3hXd lnrGgXd{Sk#w)g/k rGY efUXZQefk#wGu Flgiw9zizilnuxw9eflnrGg¯r9NaFZu3eflnrGg IX¢9¢ªtÝg¥wG{i{SleflnrGg,¶efUXZ3c
lgX{Slnuxw9e Z[efUw9ex¶,rGk¨efUXZzik Zd Z3g1ew9zizilnuxw9eflnrGg,¶efUXZu UXrGlnuZ¹©Ä{«¨d ZZ3Y[d¨e r¬wGu UilnZ3£Z¡efUXZ5Zdfe
urGYzik rGYlnd#Z)lg[e Z3kfY[dIr95e#w9kfZ3eefk#wGu#1lgi°z5Z3k­rGkfY¡w9gXuZ©ÄµlX¢ 9 * «Úw9gX{[dfY[rFrGefUigXZd dr95efUXZ
zi7w9e­rGkfY¬±²dY[rGeflnrGg)lefUÄZ3Y¡w9gX»|hi£Fk Zdw9gX{dfY¡w9,£Z3nrFu3leflnZd©ÄµlX¢ 9x[w9gX{ 9 I1«>¢
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Tw9inZ qTw9kfZ3ex±²d£Z3nrFu3leÝc 
pt   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    
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m.s   1 
t   0, 5 < pt  ; 0, 0 < T
t   5, 25 < pt  ;  π20 sin π  t   5 2 , π20 cos π  t   5 2 < T
t   25, 35 < pt  ; 0.2  π20 sin π  t   5 2 , π20 cos π  t   5 2 < T
t   35, 55 < pt  ;  π20 sin π  t   5 2 , π20 cos π  t   5 2 < T
t   55, 65 < pt  ; 0, 0.2 < T
t   65, 70 < pt  ; 0, 0 < T
t   70, 80 < pt  ;  0.2, 0 < T
t   80, 90  pt  ; 0, 0 < T
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aFrGY[Z¦Z>§Se Z3gXdflnrGgXd·r9efUXZ¡zik Zd#Z3goe[w9zizik rwGu U,¶q5Z3crGgX{/efUXZ[Äk#w9Y[Z3 rGkf/r9zi7w9gw9k·Y[rGilnZ
Y¡w9gilzihi7w9e rGk dN)lefUªw·higilnu3cFu3nZ> ÏlZzi7w9e­rGkfY¬¶w9k Z°gXr¼ {Slnd u3hXd#d Z{=¢Vµlk d er9Iw9Ï¶XlelndlY· 
z5rGkfe#w9goe¨e r k Z3Y¡w9kfefUw9e¨efUXZw9zizik rwGu Uw9zizilnZd°{Slk Zu3efc¹e r¦Z3gXZ3k#w9Y¡w9gilzihi7w9e rGk d¼¢µrGk
Z>§Xw9YzinZ¶efk#wGu Flgi zik rGinZ3Y[d|lg
SE ; 3 < )lefUªurGgo£Z3g1eflnrGgw9Idfl´§{iZ3k ZZd­ Ýr9 k ZZ{irGY`Y¡w gilzihi7w9e rGk[w9kfY[d·uxw9g/Z¦wG{i{Sk Zd d Z{;lg;efUXZ¦d#w9Y[ZQDwc/wGdlg¥aFZu3eflnrGg IrGkw9zizilnuxw9eflnrGgXd
lg
SE ; 2 < ¢TVUXZ3g,¶=efUXZw9zizik rwGu U;uxw9gw9nd r¦Z·Z>§Se Z3gX{iZ{¹e rrGefUXZ3k|e c1z5Zd¨r9 Y[rGilnZ·zi7w9e­ rGkfY[dx¢q]gilnu3cFu3nZ> ÏlZ|zi7w9e­rGkfY[dw9k Z¨dfz5Zu3l´³u|5Zuxw9hXd ZNefUXZ3lk1lgXZ3Y¡w9eflnu¨Zm1hw9eflnrGgXduxw9g5Z
{iZd#u3kflZ{ 1c¤w nZ>e­ Ïlg1£Gw9kfl7w9g1ed cFdfe Z3Y rGg¤efUXZ=lnZ¡k rGhiz
SE ; 2 < ¢¦efUXrGhiU;efUXZefk#w9gXd­ £Z3k d#Z|higXu3eflnrGgw9zizik rwGu UlndZd edfhile Z{ rGkdfcFd e Z3Y[drGg =lnZ°k rGhizXd¼¶ilelnd)gXrGek Zd efkflnu3e Z{
e r·efUilnd)k#w9Y[Z3DrGkf¢µrGkZ>§iw9YzinZ¶iefUXZ¨uxwGd#Z¨r9Úuxw9k­ ÏlZ¨zi7w9e­rGkfY[d©w9gX{=¶iY[rGk Z|Z3gXZ3k#w9c¶
efUXZ¨uxwGd#ZNr9
N
 Ïefk#w9lnZ3k ddfcFd e Z3Y[d%« uxw9gw9nd rZ¨wG{i{Sk Zd d Z{¬£1l7wYlgXrGk)Y[rF{Sl´³uxw9eflnrGgXdr9efUXZ
urGg1efk rG{iZdflgzik Zd#Z3goe Z{¬lgªaFZu3eflnrGg * ¢ ,Z3ehXddfUXrxefUilndx¢
TVUXZ°urGgoefk rG{iZdflg¬Y[Z3efUXrF{irGnrGc¬{iZd u3kflZ{¬lg¹aFZu3eflnrGg * k Z3lnZdrGgefUXZ|wGu3e)efUw9e
r̄blnd°efUXZ¡urGgS³Xhik#w9eflnrGgr9)w9grGYgiln{Slk Zu3eflnrGgw9   " !  Äk#w9Y[Z
Fb̄ ; α < ¶u3nrd Ze r Fb ¢¡t gefUXZ uxwGd Zr9¨w¹higilnu3cFu3nZ> ÏlZzi7w9e­rGkfY¬¶DZ Uw£Z¬d UXrx)g¥lgBaFZu3eflnrGgS¢ * UXrx
r̄b
uxw9g¥5Z
{iZ>³XgXZ{¹Äk rGY`efUXZefk#w9gXd £Z3k d ZhigXu3eflnrGg¤w9zizik rwGu U,¢  ZZ>§Szi7w9lgªgXZ>§FeNUXrx efUXZk Zdfhie d|r9
aFZu3eflnrGg¡S¢ * ©w9gX{=¶efUXZ3k Z>rGk Z¶efUXZV)UXrGnZVurGgoefk rGw9zizik rwGu U«Úuxw9g·5ZDZ>§Se Z3gX{iZ{·e r¨wNuxw9k­ ÏlZ
zi7w9e­rGkfY¬¢
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 lefU;efUXZ¡gXrGe#w9eflnrGg¥r9NaFZu3eflnrGg¥S¶ÚefUXZ¡FlgXZ3Y¡w9eflnuQZm1hw9eflnrGgXd·r9w¬uxw9k­ ÏlZ¦zi7w9e­rGkfY
°¢ kx¢ ex¢efUXZ|³i§SZ{¦Äk#w9Y[Z
F0
w9k Z|l£Z3g¬1c  

xb  vb,1 cos θb
yb  vb,1 sin θb
θb  vb,1ξ
ξ  vξ
©~ J «
)lefU
ξ  ; tan ϕ <  ` ¶ ϕ efUXZ|dfe ZZ3kflgi[w9ginZ|r9MefUXZN£Z3Uilnu3nZ©Äd ZZµlX¢ 9x5Z3nrx«>¶Xw9gX{ ` efUXZ{Slnd e#w9gXuZ¨Z3e  ZZ3g¹efUXZ|k rGg1ew9gX{ k Zxw9k)UXZZ3ndx±w§FnZdx¢
0
−→ı0
−→0
B
θb
ϕ
µlhik Z9x  "Vw9k­ ÏlZ¨Y[rGilnZzi7w9e­ÄrGkfY
a1cFdfe Z3Y ©~ J «)uxw9g¹w9nd r·5Z|)kflefe Z3gwGd©ÄurGYzw9k Z¨)lefU/© * « «
  
rb  R̄ ; θb < ub
ξ  vξ ©«
)lefU
ub  ; vb,1, 0, vb,1ξ < ¢ MZ3ehXd)gXrx urGgXdfln{iZ3kwÄhigXu3eflnrGg
f : α   f ; α <   pf ; α <θf ; α <
ξf ; α <

Äk rGY
S1  S1 e r SE ; 2 <  R ©lÏ¢²Z¢ α  ; α1, α2 < «>¢  Z°d efl,{iZ>³XgXZ r̄b ; α < wGd)lg;©	99¼«>¶ilÏ¢²Z¢
r̄b ; α < :  
 pb  R ; θb  θf ; α < < pf ; α <θb  θf ; α <   
 p̄bθ̄b 
d#r·efUw9e  m¢©	9x«Dlnddfefl=£w9ln{=¶ilÏ¢²Z¢

r̄b  R̄ ; θ̄b < ūb
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)lefU
ūb :  
 I2  Spf ; α <
0 1  
 R̄ ; θf ; α < <   f α1 ; α <   f α2 ; α <    ubα1α2

a1lgXuZ
ub  ; vb,1, 0, vb,1ξ < ¶SefUXZ°zik Z3£1lnrGhXdZm1hw9eflnrGg¹uxw9g5Z|)kflefe Z3gwGd
ūb :  
 I2  Spf ; α <
0 1  H ; α <  vb,1α1
α2

!


I2  Spf ; α <
0 1    00
vb,1 ; ξ  ξf ; α < <

©9¼«
)lefU
H ; α < :    cos θf ; α < 
 xf α1 ; α <   xf α2 ; α <
sin θf ; α <   yf α1 ; α <   yf α2 ; α <
ξf ; α <   θf α1 ; α <   θf α2 ; α <
  ©«
MZ3e hXdDk Zuxw9efUw9e
ξf
{iZ3gXrGe ZdDefUXZ7wGd eDurGYz5rGgXZ3goe)r9MefUXZhigXu3eflnrGg
f
¢a1lgXuZ 
ξ  vξ ¶1efUXZrGnrx)lgiQu UXrGlnuZr9ÚefUXZ°dfe ZZ3kflgi¡)UXZZ3w9gihi7w9k£Z3nrFu3leÝc 
vξ :  k ; ξ  ξf ; α < < ! ξf ; α < ; k  0 < © * «
cFlnZ3n{idÚefUXZVZ>§Fz5rGgXZ3goefl7w9dfe#w9ill¼w9eflnrGg¡r9
ξ  ξf ; α < e r xZ3k ri¢ ,Z3eÚhXdÚefUohXdIwGd d hiY[ZIÄk rGY gXrxrGgªefUw9e
ξ  ξf ; α < lndln{iZ3g1eflnuxw9c Zmohw9Úe r xZ3k ri¢  Z·{iZ{ShXuZÄk rGY ©9¼«efUw9e[©ÄurGYzw9k Z)lefU/©	9 I1«f« 
ūb  
 I2  Spf ; α <
0 1  H ; α <  vb,1α1
α2
  H̄ ; α <  vb,1α1
α2

©DI1«
d#r¤efUw9e¦efUXZÄk#w9Y[Z
Fb̄ ; α < wGd d#r1u3l7w9e Z{B)lefU r̄b uxw9gB5Z¬£FlnZ3 Z{wGd w9grGYgiln{Slk Zu3eflnrGgw9Äk#w9Y[Z)zik r¼£1ln{iZ{efUw9eIefUXZ)Y¡w9efkfl´§
H ; α < l£Z3g¡1c©«lndqlgo£Z3kfeflinZ¢ MZ3eIhXdqY[rGY[Z3g1e#w9kflcwGd#dfhiY[ZefUw9e efUilnd¦zik rGz5Z3kfeÝcBUXrGn{id¼¢ TVUXZ3g,¶dflgXuZefUXZ¹urGg1efk rGw9zizik rwGu Uzik Zd Z3g1e Z{ lg
aFZu3eflnrGg * rGgicªk Z3lnZdrGgefUXZÏwGu3e°efUw9eefUXZÄk#w9Y[Z
Fb̄ ; α < lndrGYgiln{Slk Zu3eflnrGgw9°©w9gX{¤gXrGerGgefUXZ u Uw9k#wGu3e Z3kflnd eflnud¡r9efUXZ Y[rGilnZ¦zi7w9e­rGkfYQ«>¶efUXZ¦ZZ{SwGu 7wxd
uq
w9gX{
ūb
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hXd Z{e r c1lnZ3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efUXZ (/  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w9gX{·efUXZ)d ZurGgX{Xw9kfc·urdfe
hs
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rGkÚefUXZVhigilnu3cFu3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zi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